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ON THE FLEXURE OF AN ISOTROPIC ELASTIC CYLINDER 


By 
8. Guose 


(Received January 21, 1947) 


1. Among ihe new methods which have recently been proposed ior the solution 
of the problem of torsion of an isotropic elastic cyiinder, that’ of Muschelisvili (1929) 
stands out prominently because of its remarkable simplicity and elegance. His method 
consists in making a conformal representation of the cross-section of the cylinder on the 
unit circle, and then reducing the torsion problem to the determination of a function 
which 1s analytic within this circle, and whose imaginary part takes prescribed values 
on its boundary. The required turiotion is then determined with the help of Schwarz’s 
formula. 

No attempt has, as yel, been made to apply this function-theoretic method to the 
solution of the general problem of flexure of cylindrical beams, and the reason is not 
far to seek, The boundary condition in the flexure problem, when it is formulated as a 
Dirichlet problem, is not so simple as that in the torsion problem. The boundary value 
of the harmonie function sought for in a torsion problem is very simple, viz., Ate" + y”), 
whereas the boundary value of the corresponding {function in the flexure problem 
involves a curvilinear integral. It is because of this difficulty that the flexure problem 
has been, bor a long time after its first formulation by Saint-Venant, considered as а 
Neumann problem till its treatment by Timoshenko (1018, 1922) as a boundary value 
problem of the first kind. Griffith and Taylor (1921), Nemenyi (1021) and Sokolnikoff 
(1946, p. 248) have recently formulated the flexure probiem purely as a Dirichlet 
problem. 

In this paper, the function-theoretic method has been applied to the general 
problem of flexure. For this purpose, the problem has been sub-divided into three 
simpler Dinchlet problems with boundary conditions (4.1), (4.2) and (4.8). For such 
a sub-division to be possible, it is essential that Lhe origin should be taken at the centroid 
of a cross-section. Regarding the choice of axes in the plane of the cross-section, 
it is to be mentioned that there is neither any advantage nor any disadvantage in 
departing from the usual procedure of taking them as the principal axes of the cross- 
section at its centroid. If the mapping function necessary for the conformal representa- 
tion of a cross-section on the unit circle be known when the equation of the boundary 
of the cross-seclion 18 referred to any convenient system of axes at the centroid, the 
corresponding mapping function when tbe boundary is referred to any other get of axes 
at the centroid, is obtuined by multiplying the previous mapping function by a constant. 

The orientabion of the load-lme in the terminal cross-section has been taken 
arbitrarily, and not necessarily passing through the centroid of the cross-section, 
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Stevenson (1988) has shown that this procedure leads to the identificution of a definite 
point on ihe cross-section, called the centre of flexure. Its importance lies in the fact 
that the solution of the general flexure problem can be obtained by  superposing 
the solutions, ( of a problem οἱ pure flexure (unassociated with torsion) with the 
load-line passing through the centre of flexure, and (ii) of a problem of pure torsion., 
The first of the three simpler Diriehiet problems into which the general flexure 
problem has been sub-divided is the problem of torsion and has already been treated 
by the function-theoretic method by Musvhelisvili (1929). For the application of the 
method to the two other problems, the boundary conditions (4.2) and (4.8) for ψ, and y, 
have been combined into a single boundary condition which gives vhe boundary value of 
Ya+ip,. This boundary value has then been divided into parts, as shown in (11.1). 
The analytic tunctions f, and f, with d, and у, as their imaginary parts, have then been 
expressed in terms of four analytic functions fi, fi; faw fas whose imaginary parts 
take prescribed values on the boundary. 
`  Schwarz’s formula (Villat, 1938, p. 58) 


z 1+2 exp (—ie) I 
Barg f a PEER ae, EI 


giving the value of a function f(z), anaiytic within the unit circle, whose real pari Lakes 
the value giel al a point of the circumference whose angular distance irom Oz is e, 
can be replaced by 





fe Κο 2, [0098 бз) 


by putting t = exp (ie), gle ) = Ot), and taking the last integral over the circumference 
of the unit circle. In the torsion-flexure problem any additive constant in the function 
sought for, can be omitted. Therefore the analytic function f(e) ji whose real part takes 
the value. Ө(Ё) on the circumference of the unit circle is given by 


KEE f Scy, (1.8)- 
Y 


Schwarz's lormula, m this modified form, has been used for the determination of the 
four flexure functions Jrs fias far Јаз: i 

2. Let ihe cross-section at one end of a cylinder of length L be fixed. Let a pair 
of rectanguiar axes, lying m the plane of this cross-section and meeting at its centroid, 
be taken as the axes of = and у, and let the central line of the cylinder be taken as the 
axis of a, Assuming that 


X, = Y, = X, = 0, Z,=-(—z)(k z+ ky), @ 1) 


we find from the stress equations of equilibrium that X, Y, are independent of s, 
and that 





ο ο”. 
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Four of the stress compatibility equations (Love, p. Se are satisfied, and the remaining 
two reduce to 


ο ο... 
villt τς i-e [0и 98) 89 
From (2.2) and (2.8), we see that , 
Š )-9. рми т.н) е € 
= kl =k — z =, 2.4 
t (= i nta E 1+0 De š < ) 
where ψ'/ία, y) satisfies the ‘equation А 
š : AUS. = consi = ky, (2.5) 
Putting i 
200 Y edd ey?) (2.6) 
we find that, i ` 
: σον = 0. (2.7) 
Since-the surface of the cyunder is free from traction, we have i 
dy da ` 
X, Е Ἢ "ds 9, 


on the contour C of a cross-section. Substituting from (2.4) and (2.6), wo get E 
— 2 2 l f | ( i σ d oe ( 2. F d | š 
| y = — (а?) + 3J kx Iro” dy —-k,(y παῖ, dz|-consi, (28) 


on C, the curvilinear integral being taken along C from a fixed point A to a variable 
point P, Now - 


Дь (= тт 57) dnt (v πο = af fi (ο kay) dady, 


where the double integral 18 ; (акеп over the area of the cross-section. Since the centroid 
of the cross-section is the origin, this double integral vanishes. Consequently V, as given 
by (2,8), is a single-valued function of z, y. | 

8. Let X, Y, Z, L, M, N be the force and tho couple components of фе resultant 
tractions across a cross-section z = $,, referred to parallel axes through its centroid. 
It can very easily be shown that 


X = kalp kalis Y = h Mist КЁ, In 2 = 0, ` (8.1) 
L = —(1—в‚)(®Ю1„+К,1„), М =  ((—а„)(®,1,,+-®„1,»), (8.2) 
N= f f (a¥,-yX,)dady, - (8.8) 


where -— ` - | 
I, =f fe dedy, 1, = ff» dady, ly [fv dedy, (B 4) 


the integrals in (8.8) and (8.4) being taken over the area of the cross section. № is 
known when d is known. 
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Ав LX+MY+NZ = 0, the tractions across a cross-section 2 = z, reduce to a 
single force (P,, Pa, 0), say, whose line of action is given by 
(L—yZ ta HIE = (M—2X+2Z)/Y, N—zY +yX = 0, 
where 2' = 2—2, 15 the z coordinate of a point referred to the centroid of the cross-section 
as origin, Pulbting 


; 


К+ 1а = Р, kihat keli = Ру, (8.5) 
these equations reduce to 
e #P,—yP,=N, 8 =1-8, or 6]. = (8.6) 
Thus the stress-system we have assumed solves the problem of flexure of a 
cylinder by a terminal load acting in the plane z = І. 
Solving the equations (8.5) for k,, k,, we get 


i 
k, = (Palaa Ball, la Dal, Ka = (Palim PI uli 11). (8.7) 
If the axes of z, y ate the principal axes at the centroid, J,, = 0, and we have | 
к= Р,[11, k, = Pls. (8.8) 


A Introducing plane harmonic functions Yo Yı, Yı satisfying ihe boundary 
conditions, 


y, = (02 +) + const., I (4.1) 
P κ. | 
-f КІ + о)а2 — oy? ]dy + const., (4.2) 
A I . 
dies f + elt --σα" ]ᾶ5 + const., ` (48) 
A 4 E 


we see that we can write | 
y =—+{К „+ Mk ib + ky) JL o). (4.4) 
It can be shown, as before, that (4.1), (4.2) and (4.8) lead to single-valued functions 
Yor Yi Ya 


5. In terms of these new functions, 








E g^ Es Si 3i не) [2 μα το |+ xit €: (5.1) 
Y= а) ik ας πα s toto SS (8.2) 


6. The displacements сап be calculated in the same way as in Love (p. 884), 
and we find, using the E Зи = H/(L+o), 


u= š ya + ai τὸ [ot zz! — y^) + le? — $29] + Ths (L— 2)zy, (6.1) 


υ-- 2 ze + = E EE jg Loisi! τα +1a*— $2"), (6.2) 


l 
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w=- uM siti [z(la — 34?) — 9, + 1(2 + 0)а — 3o2y*] 
2 Е t 
= 5 fue Ae! gat Mr ο)’ best, (6.8) 


where фо, Φι, ф are plane harmonie functions whose conjugates are Yo Wir Ya 
respectively, 


T. The boundary condition (4.1) and the parts i 


1, (8% ) 1 (CG ) 
-ik D — c — eg 
9 (2 yh a ^ Өх z 


of the stresses Xs, Y; given by (5.1) and (5-2) respectively, or the parts 





gus ==. - 
of the displacements tu, v, w given by (6.1), (6.2) and (6.8) respectively, show that фе is 
the torsion function for tho boundary C, y, its conjugate harmonie and —4h,/p the 
twist per unit length of the cylinder. Therefore, unless k, = 0, the flexure of the 
cylinder is associated with a torsion. We will call ψι, Y, the flexure functions for the 
boundary C. We observe that when the coordinate axes are the principal axes at the 
centroid of a cross-section, the functions $,,. ф, whose conjugate harmonics are ψ,, Ya 
are not the classical Saint-Venant flexure functions for the boundary. In fact, a 
comparison of the formulm (5 1), (5.2) and (8.8) or of the formule (6.1), (6.2), (6.8) and 
(8.8) with the corresponding formule given by Love (p. 882 and p. 384) shows that the 
classical Saint-Venant flexure functions jor tho boundary are 


Xi = —0 + τα +о)(2° 3203), χα = – ECK e)(8z*y — y?). (7.1) 


The functions ψι, Y, were introduced by Griffith and Taylor (1921) and Nemenyi 
(1021), using the principal axes at the centroid of a cross-section as the coordinate axes. 


From the equations of the boundary, we can write 


a= f(y) and y? = giel, (7.2) 

If we introduce these relations in (4.2) and (4.3), they become 
yı = (1+0) f f(y)dy — Aer? + const, (7.8) 
Yı =—(1+o) f g(z)dz + ἆσα” + const, (7.4) 


΄ 
so that the Dirichlet problems for the determination of ψ,, Y, can, αἱ leust theoretically, 
be solved. In case of many boundaries, ](ψ) and g(x) sre such. simple functions of 


у and æ respectively, that the solution of the Dirichlet problems presents no difficulty, 
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If, instead of using the function y, we introduce the function у” defined by 





| Bayete ty) gn f fanus y з 


P, / 1 c P P d 

z)de + -. Lui τα (Т.Б 
| ο ο επ a 
we see that di satisfies the equation 


р, df, Р, dn σ [2 P ] 
ay = k,— = — 3 2 a ye 9 
ver e cg ж ο Wee s T5" (7.6) 


within the cross-section? and 





у! = const., (7.7) 


/ 
on the boundary. The constant .n (7.7) can evidently be taken to be zero. The function 
di was first mlroduced by Timoshenko (1918, 1922) in solving the flexure problem for а 
number οἱ boundaries and m formulating the membrane analogy of flexure, 


. 8. Going back to arbitrary rectangular axes at the centroid of a cross-section, and 
substituting for Xz, Y; from (5.1) and (6.2) in (8.3), we get 


N =—}3k.N,+4(k,N,+h,N,)/(lto), (8.1) 
where : , 
М, = ff Jean e ke kl ахау, (8.9) 
Nee f f [@ den -oy a Sts E» ei dedy, (8.8) 
AS / / [ee Deier e S sy ==] dedy, ` . (84) 


the integrals being taken over the area of the cross-section. 


The line of action of the resultant of traetions on the te:minal cross-section а = l 
of the cylinder is given by 


zP,-yP, = — YeaN E (EN HENJI Ro) а= 1, | (8.5) 

If, as in Saint-Venant flexure, the load acts at the centroid, this stiaight line 
passes through the point (0, 0, D, so that ΄ 

47, М, +0, (01+) = 0. (8.6) 


This equation determines К, and consequently the twist per unit length of the cylinder 
in the torsion associated with the flexure. If the load passes through the point (αι, уу, D, 
k, is determimed from the first of the equations (8.5), in which we put z = Zu y = Yie 
The most important case arises when there is no associated torsion, i.e., when k, = 0. 
From (8.5) and (8.7) it is seen that the line of uction of the load is given by 


LaNa- L.N, ] | IN, Laa N ] 
‚[— RE Pe Eaa set =0, g=1, 
| 20 3 σ) (1 lan Te) 2 2/1 3 ell, — 1) 








(8.7) 
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Thus, for a load of given direction (i.e., for a given value of the ratio P,:P,) there 
is a definite Ime on the terminal cross-section, parallel to the given direction, such that 
if the load acts along this line at any point on 1t, no torsion is associated with the flexure. 
This line will be called the line of flexure for the given direction. The equations (8.7) 
show that all lines of flexure pass through tho point 

= Ij4N,— №, = I,N,-—1,N, 

gy = зү Jr = 3v 

2(1 +o) (Tla — Is 2(1 +. ell, an — №) 

Therefore, if the load acts at the point (αρ, yy, 1) in the plane of the terminal cross-section 

in any direclion in that plane, no torsion is associated with the flexure. This point is 

ealled the centre of flexure. The importance of the cenlre of flexure in the torsion- 

flexure theory is due to the fact that it enables us to obtain the solution of the flexure 

problem for the load (P,, Pa, 0) at the point (σι, уу, D by superposition of the solution 

οἱ the pure flexure problem by a load (Pj, Pa, 0) acting at the centre of flexure and the 
solution of the torsion problemi by a couple of moment 

2,—%)P,— (у,—Ууд0Р, 

If the axis of z is an axis of symmetry ot the cross-section, it is seen at once that 
Va (2, y) is an odd function of y so that the integrand in (8.8) is also odd in y. This gives 
№, = 0. Hence the centre of flexure lies on the axis of symmetry. 

9. Let us now apply the function-theoret:e method to obtain the solution of the 
flexure problem. Hencetorth we will use 5 for e+iy. Let E be the simply-connected 
region in the z plane, which forms the cross-section οἱ the beam, and let C be its 
boundary. Let z = all give the conformal representation of this region on the ш 
circle [t| <1, in the t-plane, and let y, be the circumference of this circle, 

The area of the cross-section of the cylinder is given by 


= 1 а // бе+ ἘΣ) деву = e == 2 





z =1, (8.8) 


Ἡ wo be the complex conjugate of ω(ζ), 


-- 


= — 1 М x — — 1. 
І, = gi [ 00 = ΠῚ (9.1) 
since ç = 1/5 on the unit circle. 


The coordinatés (I,, I4) of the centroid of the cross-section are given by 


а.е g |] Betsy - ἃ asyay 


1 
І, = 5 || $e dzd = -- gf va 
Н the origin be at the centroid, L, = L, = 0. If not, we have 


T = — 54 / zada = -- ji j ω(ζω(1 [do | | (9,2) 
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where #¿= L, + il,. If we now transfer the origin to the point g = gẹ, the formula 
+2, = o(Q) gives the conformal representation of the region R on the unit circle 
[ζ[--1. We will hereafter take the mapping function as 


š 8 = olt), - (9.8) 


with the origin of ihe 2-piane ab the centroid of the cross-section. 

If the axes of z' and y' are obtained [rom the axes οἱ z and y оу turning them 
through un angle а about the origin, and if these new axes are taken as the axes of 
reference, then ` 


Z = ω() exp (~ia) (A) 


maps the area of the cross-section on the unit circle [t | ç 1. If 


I = ΠΕ Із = | αι σαι”, Ig = i σαι”, (9.6) 
R n n 
114-15 =- JI [$1 z (ey) Sp te^ y] da'dy' 


=i [ο ενη άν -yae sed i E 
4 6 4 ó 


then 


-H f KYRU, (9.6) 


Also EECH 
Iy—Ie = 5 nr y?)(z'dy! +y dz"), 
0 


(8 {у (97 Εφη} + 2 leier oam |] da'dy' 


J @*+у* уду гаг), 
0 


solhat , , А 1 ei 
Li — 1. + 21 = — 5 i f eras = —– 1 exp (— а), f [ω(Ὀ]7ωί (1/}ἁω(Ό. (9.7) 
с Y 


1f we choose α in such a manner that the right-hand side of (0.7) is real, then 
p = 0, and the axes of 2’, y’ are the principal axes of the cross-section at the centroid. 
With this value of e, the mapping function is given by (9.4). Consequently, the use 
of the principai axes at tlie centroid leads to no complication ai ali. 


10. Henceforth we will assume that (9.8) gives the mapping function, the axes 
in the plane of the cross-section being any pair of rectangular uxes at its centroid. The 
moments and products of inertia are then given by formule of types (9.6) and (9.7), 
when we put а = 0 in them, 
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The solution of the torsion problem has been given by Muschelisvili (1929) in 
the form 


fo = bot iy = £ peewee о) de, (10,1) 
md, σ-ἷ 
The torsional rigidity of the cyimder is μΝο. We have already proved in (9.6) that 


Jf eam = "m Јосе. 
Also á ; a : 
_ H (5 9h ty 3) dzdy = -- Јева і 


1 2 LE αν 
=s esas = R одоо, 


Ф denoting the real part of the integral. Hence 


No == ji Kate ëtt ER [дер (10.2) 
T š Y 


11. For the determination of the flexure functions, we write the boundary: values 
of ψι, Ya ав given by (4-2), (4.8), in the forms 


P 
y == t [(4 +2o)(e* + 83) + 282 ] dy + const., 
4 


> Р = _ : 
№. = η TO +20) (2 + 22) — 222 ]dz 4 const., 
A 
whence we have on C, 
Ῥ 
patih = dell +2o)2'—1ezt+3(1+ σ) Í Sid: + const, (11.1) 
ES А 


Let f, fa, be analytic functions of s within C, whose imaginary parts take up 


values on C, which are respectively the imaginary and the real parts of --α5", Therefore 
fin fey are analytic functions of € within y, whose imaginary parts take up values 


elt gl = 0090190000) 


and D m 
= ἐσο(α + в) = — ξω(δ)ω(ϐ)[ω(ϐ + ®()] 


respectively on у. Hence, by Schwarz’s formula (1.8), 


ος š [ste Joy fato) әј) а, 
fa = = f UI SES? de, 


π 





y 
ux d ω(σ)ω(1 /σ) [w(1/o) + ole) 
fa = sl SE de, 


2—1642Р—1 
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Therefore ` 2 | 
— | hut йа E E чы, i (11.2) 
d. Е 8 ` E ша 


Again, let fis fea be analytic functions of а within C, whose imaginary parts take 
values on C, which are respectively the imaginary and the real parts of 


1 if 2*ds : ^ 


taken along C. Hence T Ís, aro analytic functions οἱ $ within Y whose йш 
parts take values on y, which are respectively the i imaginary and the real parts of . 


aor I. FORI TH [αμ /θ]Ρ4ω(Ό, (11.4) 
taken along y, 1.6., whose imaginary parts take up values Ν 
К . 1 St РЕ 
Ge? . z [P(0-F(0), ZIP] - = 
respectively, on-y. - Hence, by Sehware's formula (1.8), | 
Ё i uoc Я 2 ες 
fa = — E F (o) T^ 
D Y d _- h _ 
зз = — Se ee 
: 27 LE. σ-ἷ | 
Therefore 
kine Fa б (11.5) 
M. : 
` fia Lis == š ep ` І (11.6) 
_Ifwenowpu —— = del 3 Seiler рако А ud DM 
= (Lt ο. ΠΤΙ; 


we see that f, ard f, are non functions of # within C, whose eegen parts take up 
values which are respectively ihe imaginary and the real parts of the right-hand side of 
(11.1). Therefore f, and f, solve she problem of flexure for the boundary C. We will 
call the four functions fi fia, fai, fas the canonical complex flexure functions for the 
boundary. 

From (11.5) and (11.6), we get 


ς d " 2i F(1/o) σ 
dt (fiz t ifa.) XI pn^ , 


Sa poaa YESU Po) ze 
d; їз ifa) = de 


-pF 


А 








te 
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Since F(1/o)/(y —£) and Е(о)/ Bes t) are single-valued ony, and therefore 


Lët, [S08 


we find that ` a dF(l[e) de 


ыйы = үк E dos | ` 
Y ` 


d у i die) ‘de . 
di (fia ifi) = = de ech š 


. From the value οἱ Р({) as piven by (11.4), we gel 


dF(lle) _ 
* d(1/c) 


= 51909059 (0/0), STO = 5 Гә) 








where (0) denotes the derivative of ω(ζ) with respect to t. , Hence 


ee x 9 4 EEN [ω(σ) Iw jo e Š 
= ota de fiat ies) =- | = ^ σσ- ` d i 


do apu d de EEN 
$ gfe faa) al E. =— 


- 





and therefore 20" Е 
πο ` ues EL [PAIS p (11.9) 
1 ‘ ` ' T 
әз = xx deg ei. = E | (11.10) 
12. Lev us now evaluate N,, Na If we put 

dell Selfien al, Ὁ, = de тәй «θα "ge h "д2 

we Bee tóm (11. o and αι 8) that V,, T, are the imaginary parts of S S 

| hit te), [αι + (1 + o)fas en 
respectively. We find that ; KS ο ασ 
n V, ov, 
- 10- 20 Jf [ves ty TEM MG e Ἢ +y zo) dedy, (12.2) 
-- 1a-29 ануу f | 998 εν %) 
N, HA 2σ) Get Hy jdsdy | z +y By ἀσάμ. f un) 


Ав in the case of N,, we can calculate tbe second integrals on the vight-hand- sides 
of (12.2) and (12,8). "They are 


Ju = SET ωἴθω(: (UI) ΟΙ ω(ζ)ω(1/ζ)ά/ιε(Ὅ, (12.4) 
Y Y 
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and 


Ja 23 S (otu9at, TEE EH (12.5) 
7 Y 


respectively. Again, writing 


a= Ha πο 
σ E 


Se dl ty?) dedy leen 


we get 


πο... | tds uci / EUY dol. (12.6) 
o Y 
In terms of Ji Jau Jiss Jay, we have 
N, = Ji +1(1—2c=)J,., N, = J.,—3M1—2o)J,,. . (12.7) 
When N,, N, are known, the position of the centre of flexure is determined from (8.8), 


ihe moments and products of inertia being given by (9.6) and (9.7)-after putting o = 0. 
\ 


18. The stresses at any point of the cross-section are given by 


Жаы РО Zelt au 


Sch (keng (1+ oje} 08, doa? — (1 +о)у?}], (18.1) 


| f =—thofot (hits ERIT o) - (18.2) 
and fo fy, f; ave given by (10.1), (11.2), (11.8), (11.7), (11.8), (11.9) and (11.10). 


1%. As an application, let us consider a cylinder whose cross-section is bounded 
by the cardiod, 


iz σὴ 
where 


r = 2c(1—cos 6). 


The problem for this boundary has been treated by many authors among whom are 
"Mushtari (1988, 1996), Shepherd (1986), Stevenson (1988), Morris (1989) and Sokolnikoft 
(1940). 
The function dia maps Lhe region within (he cardiod on the unit circle [$| <1 is 
5 = --ο(1 --Ὁ”. 
We have 
I, = 6707,- 2, = --Βο. 


Transterring the origin to Ше point ғ, the mapping function becomes 
I 8 = w(t) = #c( 9+ 6ζ-- 8{3), (14.1) 
'The coordinate axes are tbe principal axes at the centroid. 


Evaluating with the holp of Cauchy's residue theorem, we get 


| o9] de) = 720 ige ct, =, ` (14.2) 
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J Oa aug = - Binet (14.8) 
Then (9.6) and (9.7) give i 
It = фас, 1-1, = — то“, 
m t | (14.4) 
To svitubté the integral (10.1), i.e., the integral 


' 6 6 Gs 
fo = S f (- S - 5 aoo pelt 
g 


18z σ 
Y 


go that 





we observe that we can take the integral over a concentric eirale 2 of large radius, 
because the integrand has no singuiarity between y and 5. Expanding in powers of 
_1/o, we вее that the integrand has а term in 1/σ whose coefficient is 


49 — 6 — 6. BUS 2 
Therefore τ 
= d ND (14.5) 
Since 
J ыса 0а — 21 Y Lä Zeng: bi 6e) a 50 δα 8 re, (14.6) 
we get from (10.2),-(14.2) and (14.6), 
№, = 17то*. (14.7) 


Proceeding with the mtegrals (11.2), (11.8) in the same manner as we did with 
(10.1), we geb EM 
Γι ifa, = Tg e (1006 — 650* — 6C + 68%), 


Р Ian = $e (at i, 
omitting constants. Hence 


11 = dec" 1166 — 610? — 6C + 663), (14.8) 
for = — 1gie* (28 — 2807 — 20° + 21). . (14.9) 


Proceeding as before, we find 


[ω(σ) ]*o (1 о) Б] 3) 
Ian, -3 4 inc*(20 — 15 8t), 


Печән че а 16. 


= CR ἰποῦ (6 Sg Ὁ. 
Then (11.9) and (11.10) give 
fait ifa = 4οἳ (40ζ-- 1503+ 20°), 
fis 1 = — $c'(1054 S) А 
whence 
= πο” (80ξ — 4942 + 6°), (14.10) 


Š — = — gic (1606 — 417 + 663). (14.11) 
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БО 


ME EE 


8. GHOSH `., А 


From symmetry about the ᾱ- SES we see that М = 0. Now 


f Agenda Se 


Y 
CIE E ae оос. 
» „аа = — тео, Е 
а y ZS? E Tape Cé x m 
that we get from (12.5), X : | 
Au? +2бе)ле*; ` s (14.12) 
Evaluating the integral (19.6), we get -À hs EN ` = 
Ges | SE 


` 


Ji4—iJ,, = — fire’, 


and therefore >  . . EIE Яе | . 


оп. 


WË 


d Јаз = $265, . = 04.18) 
ER in (12. 7), w wegeb ' -- ` = 4 EI. 
М, = = - 48 +40)n0%. aa 14) 
The position of the centre of flexure is given by i SS 
Y ; Ss 2(8 + ἀσὴο. ae - ; 
WÉI E Fr o, t= 680140) ' =f = 0, αν. ΚΩ i (14.15) 


Since w(t) = 0 when ç = 1, i.e., at the point on y which corresponds to..the cusp 
the cardiod, the stress becomes infinite at the cusp unless f’ (8 also vanishes for ¿= 1, 


But of the derivatives of the three functions f, fı, f, only that of f, vanishes when 


{= 1, so that except in the case of flexure of the cylinder by a load along the axis ot 


symmetry, an infiniby of stress appears atthe cusp, It is to be pointed out, however, 
that all otber results of the solution remain unaffected. 
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ON A SPECIAL CASE OF. THE DISTRIBUTION LAW OF THE, | 
MEAN SQUARE SUCCESSIVE DIFFERENCE 


By 
M. с: CHAKRABARTI 
‘(Communicated by Prof. N. M. Basu—Received January 8, 1947) — ` 
4. Let z, ,,..., 2, be a random sample of size n from a normal population 
having mean zero and standard deviation equal to с. , Then the statistic 


its = # = S (ааа) 


15 culled the mean square successive difference and on account of the importance 
attached to it by ballisticians, soveral papers have appeared in recent years in thc 
Annals of Mathematical Statistics, dealing with the disimbution law and momenis of 
this and an allied statistic, Neumann, Kent, Bellinson and Hart (1941) in a joint paper 
have established the distribution Jaw οἱ δ in an explicit form in the special саве n = 8 
by using algebraic transformations and hyperspace geometry. The object of this note 
is to obtain the same distribution law by the method of characteristic functions. 
Incidentally, an alternative form of the distribution law involving Laguerre, polynomials 
has algo been obtained. Lastly, the moments of the distribution. law of δ’ havëlbeen 
calculated by making use of a known integral involving Bessel function. . 
2. The distribution law of δὲ in the special case п = 8: Here 
: δ’ = ας —2,)? + (ж,—ж„)°} /2. ` 


The jomt μαμα, law of z,, σε, ην 18 А Е É 


К Pn αν ο) = ES exp [- Ge testa: 


The characteristic Ge οἱ the distribution-law аб 82 ів 


κε (£9). exp d Tex. yfSo* de, eier 
σ 


S "wel 7 [νο{-[ "lei т) (а ον Aë 6e 


+ lz z, + GH, 12,18,12; 


` 





мыш COHEN ο ORE. 
(VCF [у it it > $^ v[ü-8ie* - ση] 
às 9 P 
01 g PI 
2 Zo? 2 
I it d" ἢ = 
` i n 8 | 
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Therefore the distribution law of 9? is 







en — [ exp (-- 1453) 
Рф) = sh v [(1—8ite3y(1 — ite?) gr UI 
Ри па s = 2— 80211, we geb 
+) = exp (88/0) iw (8.21802) } 2 
pepe ot 8 Oni |. πο ушы. J 


- Take the contour consisung of 
(A) the line R(z) = 2 from the point 2—i4/ (В? —4) to the point 2+i/ (R° ~ 
(B) the part of we circle | 2 | = R to the left of the line R(z) =-2 taken 
positively ; 
(C) the circle | 2—1]| = e taken negatively; 
(D) the circle [z - 1| = в taken negatively ; 
(E) the parts of the real axis from —1--« to 1—в and Lie to 2 each taken 
twice in opposile directions. ` 
Since exp (#8°/8е®)/ V (4? — 1) 15 &mgie-vnlued and analytic inside and: on this contour, 
we have 
dei exp в ве) д, fix [5 [+ [`+ [155 EL aj 
s 
Q—j/(R2—4) die 1) (B) б) Фу З 14e JG 
—1+ +“ 

A / А exp (253 [8σ3) dus f exp (28° /9σ3). di; 
= V (e° — 1).exp (ibr /2) Lu V (2 — 1).exp (iz [2) 
The fifth and sixth integrals cancel each other; when R — co and'e— 0, it can be easily 

verified that the second, third and fourth integrals tend to zero. Hence, in the limit, 
3+ 
| 10 exp aa = 9ἱ [ сов сов (1975) n da = Zind (δὲ [8о?). 
св ΜΘ] dief 
where J,(x) is the Bessel ee οἱ order zero. [See A corollary in p. 866, Whittaker : 


and Watson (1935)]. 
Therefore from' (2), we get 


~ 





pë?) = 5:0 ыыт ) J (153 [8o?). (8) 
8: An alternative form of the distribution law; We have from (1) 
= exp (—it8*) dt. 
= е) V[ü-Siteh 5] 


Since 


"S Bot 1 
2 4/(1— Dj 2. 
| (13σ4)/(1 —Qito?)? | = apa < 1 


1 "ai E 4 Dh 4k 
aC ᾱ- (1—-9ifgipEri ў 


the denominator can be written as 
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which is uniformly convergent for а] real values of t.- Since |exp (—i09?)| 1, 
multiplication by exp (—it8*) does not affect the uniform convergence of the above 
series and integrating term — we get 


| 2 Qu[ Ё? exp (— itè’) 
But it is well-known that 
exp (—itu) v 
ІА {з cipi - En oi" exp (— 11209), for u > 0. 


Differentiating 2k-times with respect to u, we get 


оте reent: mn) [u° exp (—u/2c*] 


3 L 2 
-ππτηί- 1} ips 4/20), ax(u[2o7) (5) 
` where L,,(z) 18 the Luguerre polynomial of degree 2k. 


Therefore from (4) and (5), we get 


pè’) = >C UP ie exp (— 82 /2o2). Lal" /2σ3) 


k-0 
_ exp (- 88/207) Ny La(* /20°) А 
"Sa e SI | 6) 


A. РАА of the distribution SC ` From the expression for the characteristic 
function, we can deduce easily 


der OGGE)” К 


where m denotes the k-th moment about the origin and the symbol (a), denotes 
a(a+1)...(a+s—1). A still more elegant formula сар be obtained from (6). In fact, 


we have 


, 1x 1 2 OA 2 2 
e scher Mor’ 8*[203). Lal E J2o2) d(82) 


[1/5 >: Gis 
— By = E or А 
= (202) k! xy гу k(k—1)...(k—2r&1) = (202). ah Dr (8) 
From (8), we eun get another expression Yor μ.. Writing u = ë, 


, κ | А kl | 
ei - Го 87 еве )du = 2 JS eee μα. (+1), ~4k, 1, --ᾱ] 


7 ΠΣ Gk + al =k/2 χγο 
nex 


nini 


8—1049P—1 
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[Cf. Watson (1944), р 885], When k = 2+1 


is zogir*ig nHIB(9y + 1) » (r+ SCH i +1})n (Ain, (9) 
Remembering that к” т . I ; 2 
Del = kaf? |z] <1, 
R=) 


we get easily, for a positive integer д, 


> (д a n) +n—1)... (+1) Ka zn = (4) mn + ET. 


n=0 


Hence fon (9) 


poo = girtigrtà git | 5 (rn)r-n—1)... (+1) C WÉI 


T7 n=0 
= очар gr K т y [ra E sere] x 
gin ΒΕ 1} 1)! 20 ο... (10) 
When k = 27, we get from the formula for μέ, 
μ΄, = оф)! > κ Wal Da (g, ay 
n=0 


It will be found Њар for practical computation, formula (8) is the best. Formule (10) 
and (11) are to oe preferred to formula (7) as the iatter contains about double the number 
of terms, Below are given the first six moments: 
μί = 20° μί = 80" 
μι = 660" p, = 68108 


μ΄ = 909009 ц; = 1489050 
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ON (С, 1)-CONVERGENT INTEGRALS AND THEIR APPLICATION’ 
TO MATHEMATICAL PHYSICS 


3 i By 
Р. K. бновн 


(Received January 89, 1947) 


INTRODUCTION 


"The object of this paper is {ο develop a theory of infinite integrals which oscillate 

in the ordinary sense, with a view, to use these integrals in the solution of differential 

equations, so that they may be useful in Mathematical Physics. With the help of these 

integrals we have treated Rutherford Scattering by Born’s Method and obtained the 

result ‘without any trick unlike Wentzel (1921). We have also evaluated a very 

important infinite integral used by Bethe (1080). Bethe’s evaluation of this integral is 
far from being justifiable, 


i MATHEMATICAL THEORY 


We know that if a function a(z) integrable-R tends to l as z tends to infinity, then 


| f аә» [+ . ` 


0 
also tends to the same limit as z tends to mfinity. Tf a(x) diverges definilely, then 
S - 
J š / a(z)dz / x " 
E - 2 dÉ 0 А „7 
also diverges dbmitely. We now define (C, 1)-limit of a(z) as follows : 


Definition. I Í 
7 z 
А f α(α)άο | x 
` 0 
tends to a limit las z — co, we call this limit the (C, 1)-limit of a(x) as z — со, 


Example: In the ordinary sense sin z oscillates as = > оо, but the (C, 1)-limit 
οἱ sin z ав Z — oo, Viz., 


(C, 1)-lim sin z = im f sin zda fa =0. 


g> - r-—o 5 


In case the function α(α) is Bol defined, say, from O to b, we consider another 
function Afe) such that 
A(x) = 0, coy 


A(z) = a(z), zb, 
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and take the limit of 
I A(a)dz / z 
0 


(provided the limit exists) ав z tends to оо as the (C, 1)-limit of а(х) as = — со, 
Now let us consider the integral 


ва = Í (mde - ü) 


If (C, 1)-lim F(z) exists, then we вау аі the integral on the right of (1) is (C, 1)- 
ᾱ---»ο0 | ; 


convergent and we take this limit as the value of the infinite integral, We denote this 
integral by 
e 
NEC 


Example: Let us consider the integral 


with a dot over the sign of integration. 


F(x) = [ους dz = 1— сов z. 

0 
In the ordinary sense F(z) oscillates as z — co, but 

ә 

f gin z dz = 1, ΄ 

- 0 D 

This concept of convergence of an infinite integral (rather a more generalised concept) 
has come into existence in connection with investigations regarding Fourier Integrals 
[Cf. Titchmarsh (1987)]. There the term ‘summability’ is used instead of ‘convergence’. 
The discussion which follows will, I hope, sufficiently justify this slight change in 
terminology. 


Unirorm CoNVERGENOE 
These infinite integrals may also contain parameters. Let 


F(z, а) = f а Ге, a) ay fa. (2) 
ο 


If now Pie, a) converges uniformly in an interval А < а < B as z — со, we say that the 
integral , 


fs Dé α) de | (8) 


converges uniformly in the interval А < a < B, 
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We now proceed to study some important properties of (C, 1)-convergent integrals 
containing a parameter. 


CONTINUITY WITH RESPECT TO A PARAMETER 


Theorem 1: Ij f(z, а) is continuous in the region с< = < оо, А < ae < B and 


if the integral 
А E e 
f te. a) dx 


converges uniformly in the interval À < a < B, then the integral defines a function 


TESI Када 


‚ continuous in that interval. 
Proof. We take any point а, in the interval А <а< В. As the integral is 


uniformly convergent, 
d z 
ве) = Í de | ity, edy [e Ree) 
о. 
and 


oath) = Í da f? fly, at Vers Rela, +h) 
0 e 


РА 
where both | Rela) «Ce and | Βρ{αρ +h) «e when z' > Χ(ο). 


φίά, 4h) – ба) = j dz Ῥ Dia, a +) = (у. αι) ]dy / z+ R; (д +h) ~ Re (αι). 
0 € 2^ E 


Hence 


3 


[οίαι а) | f de f" Dip, αι +) mf αὐ]άν [a | + Bt 9L LRQ 
0 ο Ë 





Now we keep o fixed, Then, since 


Е; del iy, ajy |= 
D e 
is a continous function of α im the interval A < e < B, it follows that 


<e, |h|<6 





JA az f? tts somos ела | z 
0 9 


Hence I ς € | 
| plas + h)— (a) | < δε, [h] <š ` D ή 


which proves the proposition, 


92 . P. К. GHOSH Я 


INTEGRATION WITH RESPECT ТО A PARAMETER: REVERSAL OF THE 
ORDER OF INTEGRATION 


Theorem 3. If the function f(x, а) ів continuous in the region c < r< оо, 
Ач «<В, and if the integral 


f ° Κα, a) dx 


converges uniformly in the interval А < а <B : 


P g(a) = J i К, ade 


then dz š 
[койа = f "de [ie даа 


αρ ο 
or 


f de f fle, aide =f de f" Κα, ajda, 


Proof. The function φία) is continuous by Theorem 1 and therefore integrable. 
Because of uniform convergence : 


ва) = f def fy, iy ere Bail 
μα] - 


where | R,-(a)|<e when 2’ > X(«). 


f” noda =f” da f” da f |, ody [ος f R, (ajda, 
Go 0 σ а, 


πο 
We keep α΄ fixed. Тһе order of integration in the first integral on the right'ean be 
reversed, so that : 


cr 


de del Ta, ajda- (^ del dy f ^ fv, ajda |= = E R, (a)da, 
αρ 0 0 ° а Do 


Hence 


< ε(α; — ἄρ) 


| ro del je, ajdo- |? acf ay f” ft, ajda [ 2’ 


for 2 œ> X. Therefore 





T gel fts, ajde = F del" f(x, aide, ^ WW 
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DIFFERENTIATION WITH RESPECT ТО A PARAMETER 


Theorem 8. Let the integral 


f " бе, aide 


converge in the interval A az В: 


la) = f fte, ade. 


H 


Let Of /de exist and let the function 
Of/Oa = f.(z, a) 
be continuous in the region cz z < оо, A< a< B. Let the integral 


° 
ë j a Γαία, ede 


converge uniformly in the interval А < e < B. 


Then the function ele) has a derivative, the derivative is continuous, and it is given 
by the last integral: - | 


е 
йр f^ 
A = J file: ard. 
Proof. Let 


Wa) = f^ fala, α)άα. 


Then ψ(α) ів continuous -and therefore integrable. By Theorem 2, 
9 


/ * dada 2 f de / : Э, da = | " ῥα, о) fie, Ad = | ° fle, aide -- / "Κα, Aide, ` 
A ο 4 ο с D 
Hence | I | 


[Warde = во) (4). = 

sa = S i 
From the continuity of ία), it ab once follows that 
I ψία) = dpjda 


The above three theorems proved for only one parameter can be at once generalised 


for n parameters. 
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We now proceed to generalise the concept of a volume integ ral : 
f |ίαι, zx, 2,)de, dede, (4) 


taken over all space. We first integrate over a sphere of radius т, with the origin as 
centre, so that the integral is a function of r only, vis., 


f fe οι, αὐϑαιάοιᾶα, = F0), (5 
sph : 


If now the (C, 1)-lumit of F(r) as т > оо exists, we then say that the integral (4) exists 
and we take the (C, 1)-limit of F(r) as т tends to infinity as its value: 

8 

Í Nan a4, als dee, = (C, 1)-lm Pio). (6) 

ro 
As before we put а dot over the sign of integration Lo indicate the (C, 1)-limit of the 
integral. Here we have made the origin а special point. We could take any other point 
as the centre of the sphere of integration and that would lead, in general, to different 
result. But in the problems which we Dave in view in the present paper we really have 
such a special point with some amount of symmetry about it. However, in any case, 
we shull explicitly mention the position of the. cenlre of the sphere of integration and 
that will set all doubt at rest. 7 
Now we generalise the concept, when the integrals contain parameters: 


fia а. bg αι Z, ms 2,) dz, dz, da, | (7) 


taken over ali space. Here we shall not make any epecial choice of the centre of the 
sphere of integration, We take any point as the centre of the sphere of integration, 
and integrate over the sphere and take the (C, 1)-limit of this mtegral as r — оо. This 
introduces some arbitrariness in the value of the integral and the integral besides being a 
function of a's ів also a function of the coordinates of the centre of sphere of integration, 
except when the centre is fixed at the origin or given by the a's. But this arbitrariness 
сап be removed by prescribing the bouudary value or form or both of the integral. We 
could also take instead of spherical regions of integration regions of any other type 
characterised by only one parameter. That would affect only the form of the integral. 
This is not surprising because these integrals will be solutions of partial differential 
equations with respect to the parameters and so long as the conditions of Theorems 
1,2 &8 are fulfilled, they enjoy to be solutions of different forms We denote this 
generalised integral wilh a dot over the sign of integration as before. The generalisation 
for any number of dimensions can be done immediately. 
We now consider some examples. Let us try to evaluate the integral 


r= [exe ag с) 


à 
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taken over all space. We take the direction of q as the polar axis. Now, taken all over 
a sphere of radius r with the origin as centre | 


1 = f "а f 2 sin 0 d0. 1 exp (iqr сов 0) = = f віп qr'dr = Zu — cos qr) = (ғ). (8!) 
0 0 А 
The (C, 1)-limit of F(r) авт — co is 4z/q? and we take thia as the value of the integral: 


e 
I= f L exp [i(ar)]dQ = | (9) 
We consider also the differential equation: 
Ар = — 4x exp [i(qr)]. : (10) 


The form suggests that the integral is - 


«(8 = [ER aq, mu 


` 


taken over all space. But this integral does not exist їп the ordinary sense, - ü 


н = [еч ezp ав] Wu, = ëe ο 


If we now take the centie of the sphere of integration at the point 9, and make the 
radius of this sphere tend to oo, then from ye and RS we get t 


H 


EXE gd din = J 47 exp [i(q9] - zoo mh (18) 


That the value ἀπ exp [i(qr)] /q? satisfies the equation (10) can Ke ΚΠ μι 
But this agreement is not superficial only. The partial derivatives 


Op Ow 


& p etc. SC 
are given by à : 
> 9 "x . - 
2 (ер PaRI) do а (= Trap) ) dg t 
Jš |R-r] i [55 "ο 
respeetively. i 


One might say that 


iy = Pap ΠΒ) 
«0 = Гера ao, 


where the sphere of integration has the origin as the centre is equally well a solution 
of (10). We at once see as ф, and Ф, аге both bounded, they бап at most differ by a 
constant since Фа Ф, is harmonic over all space. If now the (C, 1)-limit of g, is prescribed, 


4—1642Р—] 
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it is uniquely determined almost everywhere. If we demand.thab gy should. behavo, „ав 
much as possible, as a potential function, say, се E απ. 


r— 
almost everywhere, then 


GE a exp Π(αΒ)] 
is the only solution. | 
Now we turn to.the integral ͵ 


DE [i(qR)] dOr 

| , KE 

taken over all space. The integral does not exist in the ordinary sense. If we take the 
(C, 1)-limit that too depends on the centre of the spere of integration, so that to fix the 
velue of the integral we require some additional condition. If we take the additional 


condition as that it should behav? as a potential function as much oe possible vis., the 
(6, 1)-limit of the integral is zero almost everywhere, then we find that 


9 
exp [i(@R)] _ ' 
[uw H = Ban [i αὐ) (14) 
uniquely. 
APPLICATIONS I I 


Ξ ` 
For the purpose of application we generalise-the usual-quantum mechanical rule tor 
calculating matrix elements of an"operator A, viz., | 


| Ana [Αμάν > Μπ. 


instead οἱ А 2 ο) Е 
nce f Ve Aude 


taken over the entire configuration space where Ym and ψῃ are eigenfunctions belonging 
to the m-th and n-th state respectively. Obviously this generalisation is consistent. 
(i) Scattering by a centre of Force. Born’s Approximation. 


Our problem is to calculate-the scattering of a beam of particles [esp Gkeil be a 
field V(r). We shall obtain an approximate formula. 


We have to solve the wave equation 
ду+ [ε-- Giaild = 0, - ‚си. (16) 
‘where k? = Bim (13, U(r) = 8z** (г) | τ and where y must have the asymptotic form 
SST HED κ ° y~ Se miejo), Ἐν“ EXE Er 
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We know that the most general bounded solution of the equation 


` 


Аф + kt = Ф(у) 


EE SCH eer Ddr - (18) 


where G is the general solution of 
AG+HG = 0. 


We can at once generalise (17) in the sense of (C, 1) convergence Po 


y = G(r) ~ 1 if e pie ΜΗ d(r)dz', - 08) ^ 
Here we take the centre of the sphere of integration at the origin, and we shall see later 
that this leads to the prescribed asymptotic torm. 


The general solution ψ of 09) satisfies tle integral equation. 
\ 


= [ik | r-m |. r |] / 
ES exp_ ELTE Utd (19) - 


The expression on the right of (18) has to represent an outgoing wave. In order that y 
may have the prescribed usymptotic from (17), we must choose | 


' G = ete 


To obtain f(6), we require the asymptotic from (187) for large т. If n be a unit vector in 
the direction of P, we have 


1 [1-5] ~ r— (nr) + terms of the order 1/7. 
Hence from (18^ 


d eir gei А. Ј exp [— iki) ]U0 04, | (20) 


To obtain a formula for 16), we assume that the wave is not much diffracted by the 
` scattering centre, so that we can replace ψ/») in the integral (20) by the unperturbed | 
wave function 6%, f 


We then obtain from (17) and (20) 


» . 
| 1O) =- 2 f oxp Dis, --ᾱ, v) uae (21) 
where n, is the unit τουίογ along the я-ахіь, so bhat e = (ПР). 
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Fer the Coulomd field 


Uu) See 








2 

and hence 

. 9 

3 - = dee [np μία n, 1)] dz = — οκ 1 zi 

ҢӨ) Ke h: Б p ]n,-nf SE H (22) 
by (14). 
Now |n,—n| = 2 sin 46, therefore 
4n?me 
f) =~ ys sin? 


The ‘intensity scattered ioto the solid angle de is |/(@ do, and this gives the 
Rutherford Scattering Formula. 

Here with the help of (C, 1)-convergence of infinite integrals we come to the Geen 
without any hitch. But if this idea is not brought in, then the right hand side of (22) 
oscillates as shown above in (8). To oyercome this difficulty Wentzel (1927) had to use 
a modified field Ë 


2 = 


ES | - Т = Ξ exp (-τ/Β) 


instead of the coulomb fieid and then neglect the modification under certain assumptions. 
From the mathematical stand-point this- is equivalent to the introduction of a 


‘“‘convergence-factor”’ 
e>”, p> 0 


J sin qrdr 
0 . 
and after integration let p — 0. Thus 


in the expression 


f dr ep gin qr = q/(p? +q!) — 1/q - 
D 0 ' 
as p — 0, and to take this as the value of (he mtegral (Sommerfeld, 1989). This is nob 
justifiable. 


(ii) Anotber example of tho application of our theory is furnished by Bethe’s 
investigation regarding the passage of fast particles through matter (Bethe, 1980). ’ 
There, proceeding by the method of variation of parameters, Bethe had to calculate 
matrix-slements which involved integrals of the type 


exp [i(qr)] τ; 
ER SCC lan, 


taken over all space. As investigalod hore thik integral does not exist in the ordinary 
sense, Bethe evaivates it by an unjustifiabie interchange of limit processes. In the 


' : 
(C,1)-CONVERGENT INTEGRALS AND 1НВІВ APPLICATION, ETC. 29 


light of our discussion on (О, 1)-convergent integrals, together with the boundary condi- 
tions and generalised гше for calculating the matrix-elements we are αὐ once ied to the 
calculation of integrais of the type 

9 


I Jeder, [{αϑ] go, = 


= \ 
Έτ] q = exp Laos! 


by (14) subject to the conditions laid down there. 


` 


No doubt, in our discussion. there has been some arbitrariness associated with the 
position of the centre of the sphere of integration, but in every one of the applications 
physical requirements in the form of boundary conditions have decided mutters unequi- 
vocally. This also bringe out the role of boundary conditions in the calculation of 
semi. convergent multiple integrals. , 

I have a great pleasure to thank Prof. N. R. Sen, in whose seminar the problem 
first arose, for helpful criticism when the paper was presented in his seminar. I aiso 
thank Prof. 8. N. Bose for stimulating discussions regarding the subject matter ol the 
paper. 
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AN IMPORTANT PARTICULAR CASE OF THE*PROBLEM OF 
EQUIVALENCE | 


x Bv ` 
K. R. KARMARKAR 


(Communicated by Prof. V. V. Narltkar—Received January 89, 1947) 


Abstract. A practical method of testing the equivalence of two general spherically symmetrical 
quadratic forms has been developed. 


' 4. Given two quadratic differential forms which are Riemannian metrics, the 
question naturally uriges whether they are obtainable from each other by a Gaussian 
transformation of coordinates. This is usually called the problem of equivalence. The 
general method of solving the problem depends on the properties of the curvature tensor 
(Oswald Veblen, 1027a). An alternative method which has a restricted domain of 
application depends on the scalar invariants of a quadratic form which are rational 
iunctions of the fundamental iensor gy», the curvature tensor and its covariant 
derivatives upto any arbitrary order (Oswald Veblen, 1027b). These methods have as 
yel been little applied in particular cases. As far as wo know the particular case of the 
equivalence of two general spherically symmetrical quadratic forms, which is of 
practical importance in general relativity has not been dealt with elsewhere. We give a 
simple method suited to the present investigation. The method depends on the scalar 
invariants of a spherically symmetrical quadratic form. 


2. Let us consider the spherically symmetrical form 
de? = —e^dp? -- р1(40% + ain?) dg?) + e"dr? (1) 
where А and v are functions of p and т. | 
Oniy a coordinate transformation of the type 
pp, т'= ψίτ) (2) 


Jeavos this structure unaltered. The functions е^ and 4у/др remain unaltered under 
the group of transformations (2), A general spherically symmetrical line-element, 


ds? = — Adr? — B(d6? + sin*0 de?) + 2Cdrdt + рат, (8) ` 


is always reducible to the form (1) except when В is a function of t alone. Suppose (8) 
is transformed to the form (1. The laws of transformation of tensors give 


s 


κ "o e Or Ot _ GI : 
eh = À (5 -20 FS- р (S). | (8,8) 
pP = B, š (4) 
EEN 
B p (š) fem A (6) 


art, Or0!|, дә: ιδ; 
o= o (2 δὲ ër 5 p9t9t 407.91, 
δρ Or Or ορ)  Bp8r Bp Br (6) 
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In what follows dashes and dots represent differentiation with respect to +? and t 
respectively. From (4) we obtain 


B' ar. B ot - 

= аят ap ABR p (7) 
|. B 91, B et š B 

pa, SB dr | (8) 


Let m = DB'—0B; -n =  ОВ'+ АВ. Eliminating, @r/Əp, Uem, Or/Or, Ot[Or between 
(8), (7), (6), (5), (Ba) we get 


eh = Е = 4B AD  C')(B^m — Bn”, (9) 
Differentiating and subsequently eliminating 0*r/@pd7 we get 
š > = F = ві(В'т – Bn)? [( —m3B! + 2mnB!—nB) 
p 


+ B'(mm + nth Әт) + B(nh-- nm —2nm]. (10) 
Since е^ and šƏv/Əp are invariants for the unique structure (1), it is clear that the 
expressions Ё and F given by (9) and (10) are the invariants of the form ( (8) for the group 
of transformations | 
| = D; ted d. | (11) 
The invariants Ё and F ‘were obtained on the specific assumption that (8) is transformable 
io.(D. Irhowever B is a function of t alone, the same invariants (9) and (10) could be 
obtained by considering (3) to be transformable to 
ds? = —e^dp? — r*(d0* + 51020 de^) + edr’, (12) 
by an exactly Ser procedure. 
In addition to E and P, B 1s obviously an invariant for the group of lrans- 
formations (11), | 
8. The invariants obtained in the last section will be used lo test the equivalence 
ol two given spherically symmetrical quadratic forms. Let the two forms be 
ii ds? = — Adr? — B(d6? + gin?6 dg?) + 2Cdrdt + Ddt*, (18) 
= ds? = — Adr? — B(d02 + sin*0 dg?) + 2Cdrdt + рар. (14) 
Whonever the forms are equivalent the equations of transformation are consistent with 
the conditions, E = E, F = F and В = B and yet the latter may not always define the 
transformation. Hence a discussion of particuiar cases is given below. 


Let E and F be the corresponding expressions ior (I4). The following cases arise ; 


(1) B and B are functions of τ and t and 1 and # respectively. The forms are 
both transformable into (1). 


(2) B and B are respectively functions of ἑ and t only. The forms are not 
transformable into (1). 
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(8) B isa function of r and t; B is a function of t only. S š 


(4) B is not a constant but a function of t only ; В is a сопвіапі. 
(5) В = B = const; this is a degenerate case which will not be considered 
here. ` 
In cases (8) and (4) the forms are not equivalent for obvious reasons. Cases (1) and 
(2) are dealt with below. For the case (1) the following sub-cases arise, f, e Y, x being 
arbitrary functional forms : : 
(a) Е = I(B); F = (В); Е = B); F= øB). 
() Е=}В); F= ФВ); Е = (В); Р= B) 
(c) Е = (В); F= œB); Е = (В); Р = x(B). 
(d) E-fB); Р (В); Ë = р). 


( Е = (В); Е + Х(В). 
Tbe forms nre not equivalent in the above cases. 
/ = = = 
(f) E={(B); Е = Ф(В); ΕΞΠΒ; Р = Ф(В). 
The forms are equivalent. 

E ' (g) Е= (В); P+#9(B); E-f(B); ә (В). 
The functional equations F =F, В = B give the transformation if the forms are 
equivalent. The equivalence may be tested by actual transformation by tha above 
functional equations, 

(h) Е (В); Р = (В); Es (В); Е = (В). 

The equivalence may be tested ав іп саве (9). An exactly similar discussion will apply 

‘to the case (2). ; s І ; І : EN 
The author shouid like to acknowledge his indebtedness to Professor V. V; Narlikar. ` 
for the guidanee that he has receivod from him in the preparation.of this note. * 
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us RAMANUJAN'S FUNCTION τίπ) AND THE DIVISOR 
FUNCTION on), PART H 


~ ў А * | E кэ | AS 
D. B. LAHIRI 


(Communicated by R. C. Bose— Recetved December 8, 1946) i 


1. We have in PártI of this paper (Lahiri, 1946) developed our methods of 
studying the congruence properties of em). But what is in α way more interesting is the 
ease with which the methods can be extended lo cover the widely different function, 
Ramanujan's +(n), which is defined by 


(17) z(1-2)1-29)ü-2)---]- Ὁ паја". 


Ramanujsn's function т(п) though widely - different trom с п) is not entirely 
unrelated to it as shown by him in bis study of the function %,,,(n). He proved indeed 
that if r and s are odd integers such that "+8 = 10 (i.e., forthe three pairs of values 
721,829;r-8,8—7; т= 5, 8 > 5) we have ‘ 


DirzOltez 1) Crt Dle +1) ο. (n) + C(1— 7) + (1—в) 
Г(т-єв +2) r2) ig . TB ` 


ενας. ш-0+й-—8 _ NON 
> 9 e 


tte, - a Гад) 'ζ5-6!{-8) 1“. “; 


ño, (1) 


(18) 3, (n) = 


In what follows we shall find 16 eonvenient to ἀθποίθ $` r(n)z" by {0}. 
: i T 


A We have previously considered all products of (u, v)'s which oan be expressed ав a 
" id lmear function aiso of (u, v)'s. We shall now consider those products which require {0} 
in addition, in their linear expressions. For this purpose we ‘shall make use of an 
extension of Table А(1). `` 








TABLE A(2) 
L P =1-72 (5, ф+ ZS I 1)—27.8' е DEM | 
SA e BREES oy Ἢ 
2 Qr. sip РЕМ, т s | 
8. В ρα, 11) - an ES ; sf SE 


δ- 1042Ρ- 1. à | Б PES s 
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; 9» 8 
4. „7 =1+ = 7) —27.84(8, 8) + 97.82,5(2, 9) 
E p 2.8.5.7.18 
в ας 091—0 11) - Ze et et, 
5.811 ο. 83.5.7.15 d 
6. P?Q? = 142°.8.5(2, 9) — — 
Hi = (2, 9) — (1, 10) + 60 (0, 11)+ AS 7 0}, 
< Q3 11 ° 
6. ΡΒ = 1—2°.848, 8) + 2°.82.5(2, o- 20 1, 10) 
. 2*.92,5.7.18 95 82.101 
eet ο 10- вр Oh 
PE 28311 + 23.82.5,7.18 98 811 
7.. РОВ REECH ee CR 
e PQ (1, 10) + Se (0, 11) Seen {0}. 


The above identities wili now be established. To start with we shall put down 
ihe three particular cases of’ (18), υἱα., 





19) | Xon) = PE oun) — go no (n) — 255 rn), 
SH Е вп σσ) SS rh MEC 
@) .. Sech = spa un) germ. 
E i 
ech {8 278 «mel = > Ze (n)z" = s< pcm uet $375 (0, 1)- 1 891 19: 


Using formula (8) of Table-A(1) Part I, we get 


TOR R? = 1—24.8*.7(0, 5) + 2*.8*.7*(0, 5)". f 
Also Е ΤΕ 8 = 5 in (5) we have š I I M 
GN (0, δ)’ = -4& - S te He 2 =) . 
5.18 Bs Se 
E P mt "egen, 107 gg; O 
by (22). 


Thus (28) and (24) lead to ο 
Re 1+ 23.83. SU, ΠΝ du 7? {0}, 
691 
M uem is identity (8) of Table A(2). 
The second identity in the Table can be similarly derived from identities (6) and (7) 
of Table A(1) and (20). However we can get it T fram the formula for R? by 
making use of the wellknown result, Т ` 


(25) Q-R = 11?8г{1-а}ц а Je. = 1728 з Sce E 
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It'is now a simple matter to deduce successively the identities (7), (6). (6)'and (10) of 
Table A(2) Ly making use of the formulae for Q? and R* and Ramanujan’s identities 
116, ПІ 4; 8 and 10 respectively. Ав. for the first formula we need only gtrengthen 
Ramanujan’ 8 Table ul by the addition of the iresh identity 


(20). . _ 2488820, dëi = 295 P2Q? — —200P°R + 75P*Q —-120PQR—5P*+9Q°+16R?. 
This кишп can be ebsily established by the methods outlined by Ramanujan in his 


paper. - 

2. In Table B(2) fs set dona all products of (u,v)'s which дап be expressed ав а 
linear funetioni of {0} and (u,v)'s. There is nothing which is essentially new in the 
‘method of dirivütion, which is very much the sume as that used previously in Part I in 


connection with Table Β(1). . А n | P. MN 

` ` weng ^1, Qu 

(8.1) 2*.8,5:7(1,2)(8,4; = {0} +2°.6(4,7)-8.7(5,8), >; “5. «τρ 

(8.9) 2°.8.5.7(2,8)? = ~{0}+8-5(4,7)-2.75,8), . > PNE 

(8.8) 9?.8.5.7(0,1)(4,5) = — {0} + 2:5*(4,7)—2*.8.7(5,6) 4-9. 7(4,5) ; m 
BAS "08802. ` = {0}+7(8,8) --3:(4,Τ), 

(5.2) 9°.8.5:7(9,8)(1,4) = = 50} + 8.7(8,8) — 24(4,7), de NE Aa 


(6.8) 958/:(0,0(80) © 
(5.4) 925.8.5.7(8,4)(0,8) 


— {0} + 3.7(8,8) — 2:.8(4,7) + 2.7 (8,0), 

` 510] + 8,7(8,8) — 2.8(4,7) — 2.7 (8,4), 
(5.5) 27.8?.5.7(1,2) 10] + 5.7 (8,8) — 25.8.5(4.7) + 23,8.7(5,0), 
(5.0) 2*.8*.5.7(0,1)(1,2)(2,3) "e {0} + 8.5.7(8,8) — 2*.5.11(4,7) ' 

PEE . — *9.5.7(8,0) + 2*.8.7 (5,0) — 92.5.7 (4,5), 
(5.7) 9'.8*.5:2(0.1) (3,4) {οἱ + 8.5.7(8,8) — 2*.8.5(4,7) + 2*.5.7(8,6) 3:3 

j : +2.82.7(5,6) — 2?.8.5.7(4,5) + 2.5.7(8,4) ; 


`Y 
ae 


Ια 


i 


l! 


— {0} + (2,9), 
2200] + 5(z,9) -- 83(3,δ), 
740} + 22.5(2,9) — 818,8), : e ἆ 


HB. 


(11) 22801 4 
(73) 2*8°,5(0,8)(0,5) 
(7.8) '2*9*.7(1,2) (1,6) 


II 


(L4) 2'80,1),7) = (0 +2.5(2,0) —3°(8,8) + 2.8°(2,7), 
(L5) 24.8°,7(2.8)(0,5), ^ =—T{0} «2.52, -8*(9,8) + 2.8(2,8), 
(7.6) 27.88.70, (4, э, 4 ---δ[ῃ +22.5.72,9) 28*.7(3,8) 4-2*.92.7(2,7) 
' SCT , +24, tik —92,82,1(8,6), 
(7 ο. ` Сш j+ va 2,9) ~8°.7(3,8) +23, ne qe Им 
еи О dk 8*.Т(@,5) + 9.82 708,4), 
01.8) 9285591708) - du ο 


ыг k | ‚  —2,8°.7(2,5) + 2.8.7(8,4), 


36 


(7.9) 


г (7.10): 


(7.11) 


(9.1) 
(9.9) 
(9.8) 
(9.4) 
(9.5) 
(9.6) 


(9.7) 
(9.8) 
(9.9) 


(9.10) 


‚ (ил). 


(11.9) 
-(11.8) 
(11.4) 


25*.3*.5*(1,2)(0,8)* 
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9’ 87.5.7(0,1)(2,8)(0,3) = —2{0}  5.7(2,9) — 2.8?.7(8,8) +8*.7(2,7)-+ 2?.8*(4,7) 
—9,8.7(8,6) —8°.7(2,5) + 23.8.7(8,4) — 8.728, 
2 855 ΠΟΙ’ 1; -- {0} -2.57.7(2,9) — 8*.5.7(8,8) + EE Т) I 
+ 93 5.18(4,7) –2‹.82.5.7(8,6) + 2 8°.5.7(2,5) 
—9*.81,7(5,6) +2?.8°.5.7(4,5) —2.82.5.7(8,4), 
2°.84.5.7(0,1)9(2,8) = — {0} + 5°,702,9) 82.5%. 7(8,8) +8°.5.7(2.7) 
+ 2°.8°.6(4,7) —2.8°.5.7°(8,6) +8°.5.7(2,5) 
| --9: 83.7(5,6) + 2?.8°.5.7(4,5) 
, — 2° 35584) 8.51048); 
2*.8*.5*.7(1,4)(0,5) = — 92.80}  11(1,10) + 5^ (1,4), 


2*.8.5°.7(0,8)(1,6) = 2%3{0} +11(1,10) — 5.7(1,8), 

27.8*.5*(0,1)(1,8) = —9#{0} +8.11(1,10)—2*.52(2,9) -8.5*(1,8), . ^ 
25.8*.5*(1,2)(0,7) = 2°40} +8.11(1,10) — 2.5*(2,9) — 3.5(1,2), 
2*.9?.5.7(0,1*(1,6) = 90} +8,11(1,10) —2°.57(2,9)+2.8.5°(1,8) . ^ ' .“. 


T τ +2,8°.5(8,8) —2°.8?.5(2,7) +8.5.741,6), 
em 4:8.11(1,10) ~2?.5*(2,9) + 8.52(1.8) 


D 


zs 


I ο ==B:5.7(1,6) +2°.87.6(2,5) —3 818,4), 
out DEER 
ЕДЕ 4.9,85,5.7(8,8) —2°.B°.5.7(2,7) +8.5.72(1,0) E 
; Se 20.858540) +2°.8,5.1(8,0) — 22.83 5,7(2,5), 
S TERET Ze " +52.7(1,4), 
2°.B9.5.7(0,1)(1,2)(0,5) ` = — {0} + 11(1,10) —2.5*(2,9) + 5*(1,8) + 87.58 8) 
τ E —2.8.5(9,7) + 531,4) — 2.8.5(2,8) + 5(1,). 
2{0}+ 8.11(1,10).— 2.6*(2,9) — 2.8.5.7(1,6) 
4.9?.82,5(2,5) +8.5(1,2), 
2/955*/(0,)*(,2)(0,8) =. 2° in +87. па, 10) —2.5°.7(2,9) +2.8.8°.7(1,8) 
+ 29.8.5, 12,8) - 2*.8.5.1(2,7) ~ 2.8.54.) - 
+2°.8%.5,7(8,6) +2°.8°.5,7(2,5) - 2.8.5*.5(14) 


9: .8*.5*(0,1)(0,8)(1,4) .. 


2*.8?.5*,7(0,1)* (1,4) 


Ш 


lI 


- | u -:2*,8*.5.7(8,4) + 92.82,5.7(9,8) — 3.5 11,9); 
97.8*.7.691(0,5)? 2-38. τ[οὶ + 5.18(0,11) + 691 (0,6), 
2*.8.5°.691(0,8)'‹ = 2°.8.5°{0} +'7.18(0,11)—2.691(0, 7) -- 691(0,8), 
2*.8.5.691(0,8)(0,7) = чы + 8.7.18(0,11) —2.601(0,7) --691(0,8), 
2°.8,5.11.691(0,1)(0,9) = —2°,8°.11{0} +2 8.5*,7.18/0,11) —2.8.11.091(1,10) . 


š i š +5.11.691(0.9) + 3.691(0,1), 
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(11.5) 37.9*.5*,691(0,1)(0,7) = 29,97 {0} + 8.5°.7.18(0,11) — 691[2.8.11(1,10) 
; ID. 7541009) - 2 «δη 8,9] £2:8.54(L,8) - 2.5%0,7) ~ 
i LU τεῷ (53) - 3.8.6) +500,1)} 
-ᾱ δὲ 1110] + 2.8.57.7.13(0, 3. 


(116) 27.85.52,7.691(0,1)(0,8)(0,5). 


d M ^? Legi [8.8.11(1,10) 5.1100,9) -22.50,7) 
: z tee i —2.8.5.70,8) « 2.8.5*(1,4 — = 2.5018) +5(0,1), 
(11.7) 9*585,9.601(0.)0(0,89? = 2. 97{0} + 8.57.7.18(0,11) — 201 [2.3. 3110) «- ` 


| —5.11(0,9) — 27.5*(2,9) -9.8.5*(1,8) + 9.82(0, D 
7—93 8.5.7 (1,0) -- 2.85. 7/0;5) + 93:85, δί9,δ)᾽ 
—2,8.5(1,4)  5*(0,8) +2.8:5(1,2)-— 500,1), 
(11,8) 39.3°.5.7,69100,1)40,5) = —2*.101.(0] + 2.5°.7.13(0,11) 601 [2.8.11 (1,10) 
BUM < TEE + 2°,8.5°(1,8) —9*.550,7) 
(^0 9 5550.8) δ σόι) +9,8.5.70, d 
-2.5.7(0,5) EE -9 2.5'(0,8) 
-958.5(2,3) -3:.3.5(,2) 25(0,1)], . 
(11.9) 2:2.9',9.7.601(0,))*(0,2) `= —95 810] +8.5°,72.18(0,11) — 691[2*.8.7.11(1,10) 
#457109) ο... 
De 9583.5 78 8) —24.8°.5,7(2,7) 
mui 5(4,7) -9*.87.5,7(8,0) 
29.8.52, 7(1,4) + 5*7 (0,81 — 2.8.5.7 (8,4) 
+24 8*.5.7(2,8) —2*.92.5.7(1,9) 
ent 


SE 


(11.10) 2:48*5.7.691(0,)* ` = —9*(0)45:.7.18(0,3) ^ - 
- SC —691[2.8.7.11(1,10)—5.7.11(0,9) 
—2?,6°.7(2,9) +2.8.53.7(1,8) 
—2.5°.7(0,7) + 2°:37.57. 7(8,8) 
—9*.92.5?.7(2;7) + 2?.8.57.77(1,6) 
PII tee ete - T —9.52.72(0,5) --ᾱ 85 δ’ (4,7) 
EI ë : et + 25.8*,57,7(8,0) — 2? 8.53.7 (2,5) 
x Se. + 22.8.57.7(1,4) — 5°.7(0,8) 
: : + 25.8? (5,6) — 2°.8°.5.7(4,5) 
+ 2*.8*.5*,5(8,4) — 24.8.52. 702,8) 
+9,8,52,11,9) — 5.00,1)]. 


ε 
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8. lt is obvious ‘that’each of the identities in Table B(2) provides. us with’ a 
congruence relation connecting, Ramanujan’s function т(п) with the divisor functions 
съ(п)..- As an: exumple by equating the coefficienti of 2% on both sides of the identity 
(b. 6) in the Table we get 


(Q7) (n) = 105n*o. (5) — 20(29n* ell + 98(19n"— —5n*)e(n) (mod 93.95.61). 


It may be remembered Hat in our discussion of the method of derivation of 
congruences from identities of Tavle в(1) we pointed out that each identity in general 
provides Us with more (йеп! one congruence ‘relation, ` Similary by } prdcisely same méthods 
we shall dérive! usually ‘more than‘ dhe’ congruence relation involving r(n) from each 
formula in Table B(2). Byway of further illustration we add two examples showing 
the process of extraction of these, properties, and all congruence relations obtained by the ` 


‘process are sot down m on σῷ). : 
;ν.. Ἐλθέ EE yy s 


Beample i: ‚Ме ke identity (5 Ai in Table в( (2) 88 our Geen point: 
as 93. 8. δ. 7(8, 4)(0, 8) = 510} +8. 768, 8) — 22.8(4, 7) —2."(8, 4). 
Now by; Thoprem А A of Part I I 
(8, 4) = (8, 5) {1, 4) - (1, GET god = (2, 8)+ (1, 4)— (1, 2) + 99.87, 


and 

S. TOU ` Cho O = ee ws rag En peat Td 
Thus ο. 

e 1G, Ek - G, 3) - -(1, den 2)}.{(0, 8)— (0, Ὁ} = 24.8. 
or, 


(8, 4)(0, 8) = (8, 3)(0; 3) + (0, 8)(1, 4)— (1, 2)(0, 8) + (0, DB, 4) 


_ (0, 1)@, 8) — (0, 1)(1,4) + (0, 1)(1, 2) +2:1.83J, 
which of course gives us 


2°.8.5.7(3, 4)(0, 8) = 14 x 319.609, ву, 8)+ 14 x 2*.8.5(0, 3Y(1, 4) 
—14 x 9*.8.5(1, 2)(0, 3) + 140 x 2°.8(0, 1)(8, 4) —140.x 2°;8(0, 1)(8; 8): 
~ 28 х 2.8.500, 1)(1, 4) + 140 х 2*.3(0, 1)(1, 2) + 9*.84.5.7J. 
Now by making use of results (5.4) of Table B(2) and (5.8), (7.5), (5.4), (8.6), (8.4), (6.8) 
and (8.2) of Table B(1) we get 
5{0} +8.7(8, 8) —2°,8(4, 7) —2.7(8, 4) = 14[8(2, 7) —2(8, 6)— (2, 8)] 
+14[1, 8)— (1, 4)] —14[7(1, 6)—2.8(9, 5)—(1, 9)] 
+140[2(8, 6) — 8(4, 5) + (8, 4)] — 140[8(2, 5) —22(8, 4) 
+ (2, 8)] -28[7(1.6) —2*.8(2, 5) +5(1, 4)] 


+140[5(1, 4) -2.8(2, 8) + (1, 2)] -- 2*.84.5.7J, 
or, 


δ{0} = 1441, 8) + [—21(8, 8) + 42(3, 7) 294(1, 6)] + [12(4, 7) + 259(8, 6) + 546(1, 4)] 
+ [ —420(4, 5) + 714(8, 4) — 994(2, 8)-- 154(1, 2)] +2°.84.5.7J. 


D 


' 
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Hence equating the coefficients of z" on both sides we get 
(28). ὄτία) = пс, (п) — —21(n>~2n? + Lin)o,(n) 
+ 6(2n* 42η} + 91n)o,{n) - 14(80n* — 61? + TIn? —11n)o(n) (mod 2°.8*.5.7), 


This i is formula (7.85) of Table С(9). 
`+ Example 2. Here we start from identity (11.2), vis., 
2#,3.57.691(0, 8): = 2°.8.57{0} + 7.18(0, i 9.691(0, 7) + 691(0, 8). 


Now Ер АЕ А, - 
' У 0 (0, 8) = (0, 1)+2.8.J. 


Therefore 

2 {(0, 8) - (0, 1)}° = 9,857, 
or, | 

' (0, 8)° = 8(0, 1)(0, 8)#—8(0, 1)2(0, 8) + (0, 15-95 857, 
Hence ' i 


2*,8.51,091(0, 8)? = 691 κ35.93,610, 1)(0, 8)+— 20,691 x 2*,8*.5(0, 1)2(0, 81 
+100.091 x 2*.8(0, 1)# + 91.84 53 6917. 


Now making use of identities (11.2) of Table B(2) and (9. 8), (7.8) and (5.2) of Table B(1) 
We get 
2*.8,5^(0] + 7.18(0, dee 7) + 691(0, 8) = 691[11(0, 9) — 2.8.5(1, 8) 
„397.500, 7) — 2.8.7(0, 8) + 2°.8.5(1, 4)—2°.5(0, B)+ (0, 1)] —20.691[2 tx (0, 7) 
—2.8.7(1, 6) +8.7(0, 5) + 22.32(2, 5) -2.8.5(1, 4) -».δ(1, 2)— (0, 1)] 
+100. 691[7 (ο, 5)—2.8.5(1, 4) +2.5(0, 8)+2°.8(2, 8) 
AMI - — 2? 8(1, 2) + (0, 1)] -211,84,53,6015. 
Qr, ` 
9".8,540} = —91(0, 11) + 601 [11(0, 9) + {-80(1, 8) -178(0, 7 ` 
"Ban, 6) + 239(0, δὴ + {—720(2, 5) - 294001, 4) + 979(0, 5)} 
JE" + {2400(2, 8) — 1820(1, 2) + 121(0, 1) ] + 221.8*,5*.091J. 
‘By equating tlie coefficients of z^ on both sides we get 
(89) 23.8.6%r(n) & — 91e, (n) + 691 [11e (n) —2(15n +89), (n) 
| +1460 + 17)с,(п) – (720п® +9840n — 979)o s(n) 
І + (2400n* —1820n--121)e(n)] (mod 211.8°,5°,691). 

and.this 1s formula (11.8) in Table C(2). 

We give below the rather long Table C(2). The figures_noted within square brakets 
against each congruence relation refer to tbe corresponding identity in Table B(2) trom 


which it is derived. (The congruences marked [18.1], [18.2], etc, are deduced from the 
corresponding identities in Table B(1)). 
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81) 
(8.2) 
(8.8) 
(8.4) 
(8.5) 
(9.6) 


(3.7) | 


(5.1) 
(6.2) 
(5.8) 
(5.4) 
(6.5) 
(5.6) 
(5.7) 
(5.8) 


(5.9) 
(6.10) ὅτ 


(5.11) 


(5.12) 


(5.18) 


(5.14) 
(5.15) 
(5.16) 
(5.17) 
(5.18) 


(5.19) 
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Taste C(2) 


т(п) = ~—20n*o,(n) + 21n*o (n) 
т(%) = 16n*o,(n) ~ 14n5o (n) 
т(п) = 50п*о,(п) – 7(12n5 — 5n*)o (n 
т(п) = 5(8n* — Τε )σε(π) - (2n? — 5n*)o(n) 
τ(π) = —5(4n* —n*)e,(n) + 7(8n* — 5n*)e (n) ` 
r(n) = 10(5n* — 7n*)oyin) — 7(12n5 — 20n* + 5n?)o (n) 
т(п) = 5(8n* — Län + 14)е (n) — 14 (n5 — 5n* + 5n?)o (m) 
t(n) = ~ Tmo, (n) + 8n*o,(n) 
rín) = 21n?o;in) — 4(12n* — 7n®)o-,(n) 
τίη) = – 7п?с,(п) + A(2n! + 7n?)o (n) – 28n*o(n) 
т(п) = 21п?0,(п) - 4(12n*  7n?)e,(n) + 28(Bn* —n®)o(n) 
5r(n) = = 21n s=, (n) — —16n‘c,(n) 
Br(n) : = — 21° ein) t Lënie- (n) + 14n?o (n) 
т(п) = 14n*o,(n) - 2(10n* + 7n*)a,(n) + 21n5o (n) 
т(п) = —35n'e,(n) + 5(10n* + 14n? — In?)o,(n) 
—1(12п° — 5n*)c (n) 
т(п) = —"n?e,(n) + 8(n? + Tn?)o,(n) — 56n?o(n) 
(n) = 7(8п° — Bn le fr) — 8(2n* — 7?)o (n) 
Ὅτ %) = —21n°c (n) + 4(8n* + 70n?)e,(n) 
: —14(80n4 – 
Beta) = —21/n* —2n?)o (n) + 4(8n* — 1n?)e,(n) 
+ 14(n? — n3)o (n) 
т(п) = 21n*e,(n) — Aa? — 7n? + 21n?)o;(n) 
+ 28(4n^ —n?)o (n) 
Br(n) = 21n'c.(n) - 4(4n* + 85n?)o, (n) + 140n*a (n) 
t(n) = —85n?o,() + 120n*o,(n) — 84n?c (n) 
τ(π) = —105n?c (n) + 20(27n* — 14n?)o, (n) 


11n*)o(n) 


—14(86n* — 30n* + 5n*)e (n) 
τ(πὴ = 10615 с,(п) — 20(99n^ — 7п°)с, (п) 
+ 28(12n5 — 5n*)o tn) 
r(n) = 14n?o5(n) — (20n* — 2155 + T0n?)o,(n) 
$5 + 7(8п5 —5n* + 10n?)e (n) . 


t(n) = —85n'c,.(n) + IO ti + Onfall 
—'I(12n* — 20n* + 251° — 5n?)e (n) 


(mod 2.8.5.7), 
‘(mod 2?.8.5.7), 


(mod 2°.8.5,7), 


(mod 2*.87.5.7), 


(mod 2°.8*,5.7), 
(mod 2°.87,5.7), 
(mod 2°.87.5.7) ; 
(mod 2°.8.7), 
(mod 25.8.7), 
(mod 23.83.3), 
(mod 93.8”.3). 
(mod 2°.3.5.7), 
(mod 9.8.5.7), . 
(mod 2*.87.5.7), 


(mod 22.82 6.1), 
(mod 9,85 ὅ 7), 
(mod 29.8.5.77), 


(mod 2.3?,5.77), 
(mod 27.8*.5 7; 
(mod 27.37.5.7), 


(mod 27.8”.δ.3), 
(mod 27,82.5.7), 


“(mod 97. 93.85.71. 


(mod 2°.8°.5.7), 


(mod 2°.87.5.7), 


| (mod 25,83 5.7), 


[8.1] 
[8.2] 
[8.8] 
[8.2] 
[8.1] 
[3.8] 
[8.2] 
[5.1] 
[5.3] 
[5.1] 


[53] 


[5 2] 
[5.4] 
[3.1] 


[8.8] 
[5.1] 
[5.2] 


[5.4] 
[5.41 
[5.8] 
[5.9] 
[5.5] 


[5.7] 


[5.6] 
[8.1] 
- [8.8] 
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(5.20) ὅτ(α) = (85)? — 8n? — 4(4n* + 2113 — 70n?)o-{(n) 
." +1l40(nt—2n°)o(n) (mod 2 2789. [59] 
(5.21) Sein) = — d fe, (n) + 19(n* + 215° – 85п2)с, (п) - , 
—14(80n*—51n*-11nfe(n) "(mod 2°.8°.5.7), [5.4] 
(5.22) τη) = 85(8n? —8n?)o sfn) — 20(22n* — 68п° + 14n*)o,(n) | 
+ 26(12n'—85n4 + 10n)o(n) (mod 2*.85,5,7), [5.6] 
(5.28) т(п). = —105(n* —2n*)o,(n) + 60(9n* — 21n* + 7n*)os(n) 
| —14(36n5—90n* + 45п --δη3)σ(π) (mhod 2°.8°.5.7), — [5.7] 
(5.24) (n) = —49nc,fn) + (60n* + 84% —85nYe,(nY ; 
—7(12n?—5n*)o(n) (mod Ze 25 Za 21. [8.8] 
(5.95) τί) = —7(Bn° + moin) + (50n* + TOn? -- 49n* 
`+ 140n)o,(n) - T(125* — 5n* + 80n?—5n)o(n) (mod 2%.83.52.7); [8.3] 


(7.1) τίη) = 10n?c,(n)—9(8n*? —2n*?)e,m) - (mod. 23:83), [7:4] 
(7.2) т(п) = 10п?о,(п) —2'1n?o,(n) + 18(2n* —n*)o,(n) `. , (mod 27.8*), [7.4] 
(7.8). t(n) = no(n) (mod 2?,87.5), [7.1] 
(7.4) — dein) = —Bnto,(n) +9п2с (п) (mod 2483.6); [7.2] 
Q.6) τίη) = n?e,(n) - 9n?e,(n) + 9n?o,(n) Ё (mod 2*.3*,5), [7.1] 
‚ (7.6) 4т(п) = — 5n°r, (n) + 90п?о, (п) — 9(20n? — 11n?)e,(n) (mod 25.8*.5), [7.2] 


(7.7) — 4r(n) = — бп, (н) -972^.(n) —9(Qn* – п/п) -9n^c(n) (mod 9':85),- — [7.3] 
(7.8) rín) = 10п?с,(п) —9(8n3 = 2n*)o;(n) 
"E κ ` —B4nfe,(n)4 18(4n* —n*)o(n) (mod 2.84.5), [7.4] 
(7.9) т(һ) = n*e,(n) — 18n*c,(n) + 9(2n* + 5n?)e,(n)— 45n?e(n) (mod 2°.8°.5), [7.1] 
(7.10) 4r(n) = — 5n? (n) + 117n2¢,(n) — 9(22n? + 10n5)o. (n) 

A. 9(40n? —11n3)e(n) (mod 2*.85.5), [7.2) 


(7.11) 4r(n) = — бп?с (п) + 68те n) — 45п2о, (п) — 9no (n) - (mod 2*.8*59,^ [7 .2] 
(7.12)  4r(n) = — 5n'e,(n) + 9(10n? + 7п)с, (п) f : 
| —9(20n! —5n*+50n)o,(n)+60n?—linjo(n) . (mod 26,85,53), [7.9] 


| (7.18) τίου) = —20no,/n) + (91п° + 48n? — 28n)o-,(n) | 7 ut 

—4(12n*—7n?)s,(n) (mod 95.81), [0.8] 
(7.14)  "fr(n) = —20n*o,(n) + 27е (n) (mod 248.7), — [7.8] 
(7.15) Ττ(η) = 10n?c, (n) —9n?o,(n) + 6n*o (n) (mod 2*.8?,7), [7.5] 
(7.16). =(п) = 10n?c,(n) — 9(8n? —2n?)c (n) — 90nc im) 

+18(6n?—n)o(m) (mod 2585535), [T4] 
47.17) Tr(n) = 10(1#—8)е (п) — 9(n* — 4n?)e,(n) + 6(n* —n)e(n) ` (mod £5,8*.7), [7.5] 
` 6—1649P—1, 
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т(п) = —86n*c, (n) + 63(8n? — 2п®)е„(т) 
: —9/94n* —98n? + 7п®)с, (я) 
т(п) = —85n*c., (n) + 68(Bn? + n7)o,(n) – 9/24п* 
ποπ” — Dën Ze, (n) + 65(12n* — 8n? + n*)o(n) 
5r(n) = 14по. (п) -21n?c,(n) + 2(6n* – 7п)с, (п) + 14n?o(n) 
br(n) = Ἱ4πσ,(π) -- T(8n°  28n)o,(n) + 2(6n* + 140? 
t 1682? — 77п)о, (п) – 14(80n* — 11n?)o (n) 
2r(n) = βὔηΣστ(π) — 68(2n? —n*)\o,(n) 
+8(24п*— 14n? — 91п?°)ез(п) + 21(4n? -- n?)o(n) 
5r(n) = L4no,(n)—7(8n? — 6n? + 14n)o,(n) 
t 2(0n* — 14n? + 42n? ES Tn)o,(n) 
+14(п? —n? + n)o (n) 
t(n) = – 20по (n) + (21n + 48n? —28n)or,(n) 
— 4(12n* — In? + 21n* — Bän le, (n) 
+ 28(4n? — Tn? + n)o (n) 
ein) = "Ono: (n) —7(15n* + 48n? —28n)o-,(n) 
+2(210п* + 28n3 — 108n? + 85n)o (n) 
— 14(80n? — 80n* + 5n?)o (n) 
ὅτ(π) = — 100nc., (n) + (105n? + 240n? + 56п)с (n) 
— 4(80n* + B5n5 + 84n? — 85n)e,(n) 
+ 140(8n* — n3jo (n) 
7т(п) = 10n*e (n) — One (nl — 878n*e, (n) 
A 24(21n? — 5n?)e (n) 
πτ(η) = —20n?c,(n) + 27п?о (п) + 259n?o,() — 2529n3o (n) 
85r(n) = —100n?c,(n) + 9(15n2 + 28n*)e,(n) — ën io, (at) 
Вбт(п) = 50n7o-,(n) — 9(5n? + 21n*)o, (n) 
+ 1260n^c,(n) + 98n?o (n) 
Bei) = 140n?c,(n) — 68(9n* — 4n2)o-,(n) 
DE 86(12n* — 7n?)e, (n) 
11τ(α) = — 70л2с,(п) + 189п?с,(п) 
— 18(0n* — 'n?)e.(n) — 1260n?o (n) 
27(п) = 85п?о (п) — 68(2n* —11n*)o,(n) 
t 8(24n* — 994n* + 899n?)e,(n) 
* 21(120n* — Mën? + 9n?)o (n) 


& 


(mod 9*.8*.7), 


(mod 2.85.7), 
(mod 2°.8°.5.7), 


(mod 2:.85.5.7), 


(mod 97,93.5.7), 


(mod 2*.8*.5.7), 


(mod 95 93,6.Ώ), 


(mod 2°,.8°.5.7), 


(mod 2?,8?.5.7), 
(mod 2*.8*.5.7), 
(mod 2*.84.5.7), 
(mod 27.8*.5.7), 
(mod 2'.84.5.7), 


(mod 27.31,5.7), 


(mod 27.975 7), 


- 


(mod 2°,8*.5.7), 


"a 


[7.7] 
[5.4] 


[5.4] 


[7.9] | 
[5.4] 
[5.8] 
[5.7] 


[5.8] 
[7 5] 
[7.8] 
[7.8] 
[7.5] 


[7.6] 


[7.8] 


[7.9] 


y 
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(7.84) 2т(п) = 85(n? + 8n)e; (n) —21(6n? + 15n? — Tn)es(n) 
+ 8(24n* + 70п° — 63n? — 85n)e (n) 
+21(4n? + bn?—n)e(n) (mod 2°. 34.5.7), [7.9] 
(7.85) ὅτι) = 14по (n) - 31(n? — 2n? + 14п)су(л) 
+ 6(2л + 42n? + 91п)о, п) 
—14(80n* —51n? + 7122 —11n)e(n) (mod 2^.8*.5.7), [5.4] 
(7.80) τίη) = 175п?с (п) — 815(51? — 8л2)с, (п) 
4 45(96n' — 985? + 21п?)с, (п) 
— 21(144п5 – 180n* + 60n? — 5n?)o(n) (mod 2°.8*.5.7), [7.11] 
(7.87) τη) = 70nc,(n) – 21(5п? + 6n? + 14н)с, (п) 
` +0(90n* — 154n? + 864n3 — 105п)с, (n) 
—14(86n`—90n! + 165n* — 65п? + 5n)o(n) (mod 219.8*.5.7), [5.7] 
(7.88) 7+(n) = 10(n?—8n)o,(n) — 9(n*— 41?)o ; (n) Е 
—126(8n? — Sale, (n) + 12(42n3 — 8n? + 10n)e(n) (mod 2°.8°.5.7), [7.5] 
(7.89) т(п) = — 85п2о-, (п) + 68(8n? — 2n? +7п)с, (п) | 
Г: ue ν — 9(24n* — Bn’ + 21723 — 70п)с, (n) 
+ 68(24п° —12n*--n)e(n) (mod 27.85.5.7), [7.7] 
(7.40) 11r(n) = —70n*o-,(n) + 68 (81? + 20n?)e (n) 
— 2(54п* + 2520n? — 698n?)e,(n) | 
‚ --120(80n* —11n?)e(n) (mod 28.8°.5.7), [7.8] 
(7.43) ϑότ(ι) = 50(n? — 8n)e, (n) — 9(5n? + n? —49з)е„(т) 
4-120083 — 8n2)e,(1) +98(n3 —n)o(n) (mod 29.35.5.7), [7.5] 
(7.42) 5т(п) = 140п?о, (п) — 68(9п° + 16n?)o (n) 
ΠΠ + 86(12n* +188n? --δδπ31)σι() 
—1260(8n*—n?jc(n) (mod 29.85.5.7), , [7.6] 
(7.48) t(n) = —8850n?c, (n) + 815(9n? — 4n*)o-, (п) К ) 
— 90(78n* — 56n? + 7n?)o (n) j 
f + 196(86п° —30n*-5n")e(n) (шой 2*.8*.5.7), [7.10] 
(7.44) 2т(п) = 85(п%—8)е()—68(2п° + Bn? — 21n)e (n) - 
+ 8(24п* + 882n? — 2498n? + 185т)е (n) 
‚—21(120л5*—824п° + 187n* -11n)o(n) (mod 2°.3°.5.7), [7.9] 
(7.45) τι) =1T5(n? – Зп)с, (п) — 815(8п%—17п°# + 7п)с, (п) 
+ 45(90п* — 860115 + 28122 — An lo, (п) 
z — 21(144n? — 540n* + 420п° — 95n? + 6n)o- (n) (mod 21,35,5.7) ; [7.11] . 
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(9.1) 8r(n) = BBno,(n) —25(4%2 — 8n)o (n) (mod 23.57.03), [9.8] 
(9,2) θτ(π) = —BB8nc, (n) + 50љ2с, (н) + 15по(п) (mod 35.93, 53), [9.4] 
(9 В) θτ(π) =88n0,(n) —25(4n? —Bn)o-,(n) 


—105по,(п) + 15(12n? — 5n)e,(n) (mod 27.83.59), [9.8, 9.6] 
(9.4) `89с(п) = —38no,(n) + 50n*e,(n) 

SEE 4210ne,(n)-180n*e,(m)—15ne(n) (mod 25.93.63), [9.4, 9.9] 

(9.5) 8r(n) = 38n0,(7) + 25(4n? + 27n)o,(n) Е 

+ 45(B0n? — 49n)o-,(n) 

—15(240п° — 252п? + ὄδη)σ.(π) (mod 2%.8*.5"), [9.6] 

(9.6) 32r(n) = —83no (n) + 50(n? + 15п)с, (н) ote | 

— 90(80n? — 14n)o,(n) 
4- 80(80n* — 86n* — 25n)e- (n) 


M 


4-15(60n? —11n)e(n) (mod 2.84.5), [9.9] 
επ) ` Br(n) = 88no (r) —100(n3 + Bn)o-,(n) 5 
. + 45(80n? — 14n)o,(n) — 80(B0n* ! . pow 
—91n— 10n)e,(n) – 75(6n? — n)c(n) (mod 25.84.52), [9.6] 
(0.8) 89;(n) = – Βθησι(η) + 50(n?+ 80п)с т) 
— 90(60n* + 91n)o,(n) αρ Ὁ ΠΤ ΓΝ 
+80(120п + 1484n? — ὄδθπ]σα(π) - 
—15(2400n? —1820n?--121m)e(n) (mod 95,855), [9.9] 
(9.9) ‚ 8r(n) = 88nc,(n) – 50(2п* + 21n)e,(n) $ 
Ed 8 +90(55n? + 28n)o,(n) 
—BO(150n? + 609n? — 285n)o,(n) 
+ '75(240n* —126n? + 11n)o(n) ` (mod 910,85 53), [9.6] 
(9.10) Zeil = –88но,(п) +50(4n? ~Bn)o-,(n) 
—15(18п° —24n? + 7п)с,(п) (mod 95.85 ὅ,τ), [9.5] 
(9.11) r(n) = 11nos(2) —25(2n? — n)o (n) 
fac 4- 15 (Bn? — 2n): (n) + 25nc,(n) f 
- b(60n?—n)e(n) (mod 2*.85.6.7), [9,8] 


(9.12) Qr(n) = – 88по, (т) + 5(40n* — 9n)o,(n) 
Алу —9(80n° + 16n* —21n)o,(n) 
+91(24п° — 9413 + 5n)o,(n) - (mod 2°.84.5.7), [9.5] 
(9.18) τίη) = 92ne,(n) —5(20n? + 11n)o-; (t) 
"+" 4B(80n* + 1062? — dëcken) — (252n" 
= 196и? — 155n)e,(n) — 81(6n? —n)o(n) (mod 2?°,8'.5.7),- [9.8] 
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(9.14) 24r(n) = —llnc,(n) + 85no (4) - (mod 2*8.52.7); © [9.2] 
(9.15) 86r(n) = Une) + 25теу(%) ` Ge (mod 2,8? 57.7), [9.1] 
(9.18) — 94r(n) = —Line,(n) +250n0,(n) ο ш ES 4 
ИС ` —8(190n? — T'in)e;(n)' (mod 25.82 65.7), [9.2] 
(9.17) 947(n) = —1line,(n)-85nc,(n)--835ne,(n) - 
'—85ne,(n) (mod 27.87.5?.7), ` [9.2] 
(9.18) _ 86г(л) = 11nes(n) —125n0,(n) SÉ 
‚ +150n°o,(n) +95no;(n) —25no(n) (mod 85.85 52.7), [9.1] 
(9.19) δθτία) = 281nc,(n)—50(14&n:—B8n)c-,(n) 
+ 7o(12n? — 7п)с, (н) (mod 2°.8®, 55.7), [9.8] 
(9.20) 82r(n) = —BBno (n) + 50n*o (п) + 1500nc, (n), . 
E —45(40n*—Tn)o(n) (mod 94 fe D τ), [9.4] 
(8.21) ids = 29ne,(n)-105ne,(n)155nes(n) ~ (mod 2.8°.5*.7), [9.1] 
"(9.001 _ 2461) = —11 no ,(n) + 285по,(п) | l 
| | —15(40п* + то (п) + 85(24n*—Lin)oy(n) (mod 2582327) — [92] 
(9.28) — 224r(n) = —281no,(n) + 50(7n? + 10п)с, (т) Í 
- 2 —600n3e,(n)-- 206по(н) (mod 2*.8",5.7), - [9.4] 


(9.24) — 2г(п) = Opel) — L75(4n* —Bn)o-,(n) 
У + 105(18° — 24113 + 7п)о, (п) 


— 5(288n^ — 50472 + 252m? — З5п)с, (н) (mod 29.95 53.7), . [9.7] 
(9.25) θείη) = 88no, (n) - 2 (4n* —Bn)o,(n) 
С | : —8'76no,(n) + 55(0n? —n)e(n) (mod 2°-8*.5?.7), [9.8] 
(9.26) т(п) = 11πσο(τ) — 25(2n2—n)o,(n) + 15(8n° 
mS — 9n? — 49n)e,(n) + 25(120n! — Aln)o,(n) - | 
— 8(504п° — 246° + 20n)e(n) (mod 27.85,52,7), [9.8] 


(9.97) Ότι) =—88леу(п) + δ0(4π}-- 8n)e (n) — 90(8n° 
— 4n* ale ;(n) — 1050(8n2 — п)с, (п) 


B s 4-105(94n? —12n?+n)o(n) (mod 99.8:.63.0, [9.5] 
` 49.28) 72r(n) = 22по (п) —B55n0,(n) 
+15001? + 49п) с, (п) Des u 
i —5(126n2 — 81n)e,(1) — 155по(н) er 23,83 52,7), [9.1] 
(9.29) 4т(п) = —2B81no, (n) + 850(5n? — Dat o an) e 
— 87801 ~ п2)с, (п) 


+80(72п* — 84n? —84n? + 85n)o,(n) ΄ 
*- 105(24n* — 12n* + n)e(n) (mod 2'°,8*.5*.7), [9.10] 
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(9.80) 


(0.81) 
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Zeta) = TIno,(n) 2 8502r? + ale, (п) 
+210(9л° + 28n? — 14n)o (n) 
—10(144n* + 1688n? — 1449n? 
+245n)o,(n) +175(72n* — 72? 
- +18n?—n)o(n) 
dein) = ~2BLiic,(n) + 850(5n* + 12n)o,(n) 
— 880(6п° + 64n3 — 85n)c,(n) 
+ 60(86n* + 1848n? — 101722 
+ 280п)сз (п) — 105(790n4 
Р —744n? + 192n? — 11n)o(n) 
24r(n) = —1 [mo (n) + 280no-,(n) 
: — 910η5σ.(ι) — 85no(n) 
86r(n) = 11πσε(η)-- 785no.,(n) 
^ - 20(08n? — 25n)e (n) 
24r(n) = ~ Line ,() +250no,(n) 
7-80(20n? --21)σ.(ι) — 70(8n2 + 25п\с, (п) 
+ 85(60n? — 11n)e (n) 
867(n) = 11по,(п) – 195no-(n) 
+ 15(10n? — 49n)o-,(n) + 5(252n* 


+ 425n)o,(n) — 50(68n* — 10n)c (n) 


18007 (в) = —278«,,(n) + 691[2o (n)  c,(n)] 
1800r(n) = —278c,,(n) + 691[110,(n) 
| —9(15n — 11)с, (п) + σε(η) --σ()] 
600т(%) = —91c,,(n) + 691[2е,(%) — y(n) ] 
πηθτ(π) = — 6895c (n) + 691[11(6n—5)o,(n) 
—50(8n? — 8n + 1)o,(n) + 250,(n) 
—6(6n — 1)ec(n)] 
1800r(n) = ~ 278с,,(п)  601[60,(1) – Зо, (н) ] 


(mod 91: 8: δ1ῃ), [9.77 


(mod 271,85,52,7), [9.10] 


(mod 25.83_53.7), [9.2] 


(mod 9’, 95 δ5 7), [9.1] 


(mod 27.8).53.7), [9.2] 
` 


(mod 2*.8*.5?.7) ; [9.1] 
(mod 25.8.5.691), [11.3] 
(mod 9» 8» 6.691), [11.8] 


(mod 2*,8.53.601), [11.9] 


(mod 27,37.57.691), [11.5] 
(mod 93.83.63. 691), [11.8] 


1800r(n) = — Oe, (n) + 691[110,(n) —2(16n—18)o,(n) 
—42e4(n) + (60n —28)=,(n) +o(n)] . (mod 2°.3*.6,691), [11.2, 11.3] 


1800v(n) = —278 ,,(n) + 691[220,(п) —2(80n —28)o-,(n) 


— 84a, (n) + (120n —24048)o, (п) 


(144001 — 2899)e(n)] (mod 915,81 55,691), [11.5] 


(11.8) 


(11.9) 


(11.10) 


(11.11) 


(11.12) 
(11.13) 


(11.14) 


(11.15) 


(11.16) 


11.17) 


(11.18) 
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600r(n) = --θ1σιι(π) +691[11= (n) --Δ(1δη + 89)o (n) 
+ 14(80n + 17)e (n) | 
— (720n? + 2840n — 979)c,(n) - 
+ (2400n? — 1890» +121)o(n)] (mod 221.34.5*.691), [11.2] 
776r(n) = — 6825c., (n) + 691[11(6n — 5)o (n) 
— 50(2n? — 8n — 1)с,(п) 
—210(2n — 1)o-,(n) + 5(72n? — 60n + Bio Da) 
+5(6n—1)o(n)] (mod 24°.8°.5°.691), [11.5, 11.7] 
776т(п) = — 68250 ,,(2) + 691[22(8n + 10)e,(n) 
— BO (2n? + 49n — 81)e (n) 
+ 60(90n* — 119% + 21)c,(n) 
—5(T20n° ~1152n? + 60n 4- 95)o-, (n) 
—10(180n? — 98n + 8)o(n)] (mod 91: 84 6» 691), [11.7) 
178r(n) = — 6825c ,, (n) + 691[11(6n + 4δ)σο(π) , 
— 50 (2n? + 87η + 89)o,(n) 
+ B0(860n? + 966» — 628)с,(т) 
—15(480n? + 6456n? — 5980n + 1065)сз(п) f 
+15(4800n? — 5040n* + 1822n—77)o(n)] (mod 21°.8°.5°.691), [11.7] 
756r(n) = θδσ,ι(η) + 691o,(n) (mod 22.8*.7.691), [11.1] 
1800г (п) = — 278с,,(п) + 691[ 2с (n) + 43σ ε(τ) 
—8(20n — о, (п) – Sein!) (mod 95.82.5.7.691), [11.8] 
1519 (п) = 1800, (n) — 691[207.,(n) — (1n -- 1θ)σε() 
t+o(n)] (mod 2*.8°.5.7.691), [11.1] 
151207(n) = 18000,,(n)'~691[11¢,(n) —410,(n) I 
+10o,n)] (mod 2.83.5.7.691), [11.1] 
1800r(n) = —2780,,,(n) + 691 [ Lie (n) —2(15n — 11)o,(n) 
+ 420,(n) ~ (60n + 179)o-,(n) ! 
I + (240n—48)o(n)] (mod 27.33.5.7.001), 11.8] 
87800r(n) = -- 5788с,,(п) + 691[220,(n) 
+ 49е (т) - 42c,(n]--41o,(n)] (mod 2°.8°.5.7.691), [11.8] 
404ryn) = 45500 , ,(n) –691[11(6п – δ)σε(η) 
—100(2n? — δη + 1)o-,(n) 
+ 10(18п° — 86n? + 21n — 7)с, (n) 
+ 50(8n — 1)e,(n) ~ 5(24n? 
—12n+1)c(n)] (mod 2*,8*,6.7,001) [11.8] 


48 


(11.19) 


(11.20) 


` (11.91) 


(11.29) 


(11.28) 


(11.94) 


(11.95) 


(11.90) 


(11.27) 
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EE = θδ0σιι(η) - 691[11o,(n) i | | 
—31c,(n)—B1c,(n) + 81е(п)]- (mod 2°.84.5.7.601), [11.1] 
ΠΗ = --ὄτθθυιι(η) + 601[2583o,(n) ` 
i ` —9(815n --81 ])σ.(η) 
+42(20n — 11), (n) | 
+41o,(n)—4lo(n)] (mod 2".8:-5.7.691), ` [11.8] 
808z(n) = 9100c, ΜΝ 691[38(4n — 1)o-,(n) 
-- O(40n2 + δη — 22)o-,(n) 
+9(180п° + 8061” — 672 + 77)с,(н) 
— 12(84n? — 126n7 — 25n + 20)o; (n) 
—81(24n2—12n+ 1)σ(π)] (mod 2'3.84.5.7.691), [11:8] 
82r(n) = 159250 (n) ~ 691[77(6n — 5)o-,(n) 
—1750(2n° — 9n + 1)o,(n) 
+850(86*— 72n? + 42n — 7)с,(т) 
— 95(864n* — 901649 + 1512n2 
—420n + 85e (n) + Y (1728n*. 
— 4820n* + 8608n* — 1200п* Ρ 
-180n-—5)e(n)] (mod 214 84 5.7, 691), [11.10] 
9504т(л) = = 18650с,,(п) – —691 [11(6n — 5)с,(п) 
+ 100c, (n) - 210no,(1) 
+ 50(8n —1)o,(n) 8o (n)] (mad 27, в" 57,7, 691), [11.6] 
— = --θθοῦσιι(π) + 691[11(6n 
-- Bloen) —50(2n? — 8n De, (n) 
+ 1080c,(n) ~ 25(180n —61)e,(n) ' f 
+ 5(720n? —806n + 81)o(n)] (mod 2°.8°.52.7. 691), [11.5] 
756r(n) = θδσιι(η) - 691[20о, (л) -2(21n —10)e,(n) ` 
—108c,(n) + 2(638n —10)e(n)] (mod 2*.8*.5?.7-001), [11.1] 
151207 (n) = 1800s, (n) — 691[11e,(n) + 2000,(n) 
— 4(105n + 68), (n) + 10(68n — 20)o, (n) τος 
-81c(u)] (mod 35.8: 51 3. 601), [11.1] 
9504r(n) = 18650е,,(л)— 691 [88η + {δ)σο(π) 
—800(10n—7,(n) + 80(120n? — 147n 
+ Bd)o-,(n) + 150(n + 8)e, (n) 
—15(40n—7)o(n)] (mod 2*,8*.5*,7.691), [11.6] 
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(11.98) 16296-(n) 


(11.29) 4047(n) 
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— 14832560, (n) + 691 [11(126n — 55) (n) 
— 50(42n? — 8n — 19r, (n) 
+ 150(24n? — 28n + Do (n) 
“+1095, (н) —205(0n — 1)o(n)] (mod 91» 8:5» 1.091), [11.5] 
45500, (n) — 691 [11(6n — 5)o- (n) 
—100(9n? — 8n + 8)o-,(n) 
+ 10(18n? — 86n? — 6095 — 801)c. (n) 
—10(1512n? —1275n +215)o,(n) . 
+ B(2016n? — 2040n* + 516n —29)o(n)] (mod 21*.3:,52,7.691), [11.8] 


(11.80) 19008r(n) = 27800c,,(n)- 89111112» + 11)o (m) . 


(11.81) 967(n) 


(11.82) 190087(n) 


(11.88) 967(n) 


(11.84) 9δ04τ(π) 


Ра 


(11.85) 9504(п) 


7—1642P—1, 
} 


ΙΙ 


—10(68n — 62)o-,(n) — 410% + 21)с, (п) 
+620(8n —1)e,(n)--81o(n)| (mod 911.94.63.7,691), [11.6] 
Add Se, ,(n) — 691 [154(6n — 5)o-,(n) 
— 850(12n? — 18n + ὄ)σι(η) 
+ 840(0n? — 18n? + 7n)o-;(n) 
— 5(864n4 — 2016n? + 840n — 175)с, (n) 
— 70(72п° — 72n? +181 — 1)e(n)] (mod 2'7.8*.5?.7.681), [11.9] 
278000, (a) — 691 [83(4n + 87)e (n) 
—80/221n —14)c.,(n) + 6(1200n? 
+1470п --1961)σι(π) —240(63n? 
— 59п —9)e.n) - 98(40n —T)e(n)] (mod 912.83.52.7.691), [11.6] 
477760 ,,(n) — 691 [981(4n + 5)e (n) 
— 1050(4n? + 19n — 15)еу(%) 
+210(86п° + 528n* — 672n +175)o,(n) 
—15(288n* + 160128n? — 25200n? 
+ 10780n — 1225)се (n) + 105(1440n4 
— 9448n? + 1248n? —219n + θ)σ(π)] (mod 32:5.85.53.1.691), [11.9] 
186500 (п) — 691 [11(6n — 5)сз(т) 
+ 22000 ,(n) 2 210(48n – 21)c (n) 
+ 10(756n* -- 615n—5)o, (n) 
7 ` 4.5(258n—41)o(m)] (mod 2°.84.5°.7.691), [11.6] 


= 136500, (л) —691[88(2n + 15)о,(т) — 600(5n 


—7)с (п) +80(120n? —441n — 553) (n) 
+ B0(252n2 + 2945n — 1085)o-,(n) 
—15(5040л#—2564п +217)o(n)] (mod 2°.8.5°.7.601), [11.6] 
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(11.86) 9504r(n)  =18650c,,(n) - 691[ 11(6n — ὄ)σο(π) 
І —5o(n)] (mod 2°.3.5.11.691), [11.4] 
(11.87) 88016r(n) 546000, (п\–691[88(8п —8)o,(n) 
Ç N š ` -110(8n—2),(n) -81o(n)] (mod 9".8.δ.11.001), [11.4] - 
(11.38) 95047(n) ^ 218650c,,(n) - 091 11(61 —5)o,(n) 
+ 5500,(n) —15(44n—7)o(n)] (mod 24.82.52.11.691), [11.4] 
(11.89) 19008r(n) = 27800c,,(n) — 691[22(6n — 5) ol) 
$2810,(n) — 110(8n — 1)es(n) 21o(n)] (mod 27.85.5.7.11.691), [11.4] 
' (LL40) 199584r(n) = 286650c.,(n) — 691[231(6n —5)o,(n) | 
+11000,(n) — 1155(2n ~ 1)o dn) 
I --δ0σ(π)] (mod 97.83.ὅ3.1.11.091); [11.4] 


(18.1) 80240r(n)  Ξ--θθίσις(α) «900θσ,ι(π) : " 
I —891[90c,(n)—01c,(n)] (mod 2°.8°.5.7.691), [18.1] 
(18.2) 87800r(n) = 6910,,(n) —57380,,(n) 
+ 691[620,(n) – 21с,(п) +2105(n)] (mod 2°.8°.5.7.691), [18.1] 
,(18.8) 7560r(n) = Gëlle, (n) Β988σ.ι(π) 
4601 Ze ec) + θ9σι() | 
—1080,(n)+410,(n)] (mod 21,8*.5.7.691), [18.1] 
(18.4) 90240) =-6910,,(n)+2600c,,(n) - - E 
EE + 691 [2810,(n) — 680no-,(n) 
+ (840n — 859)ес(%) — 41o(n)]-(mod 2°.8*.57.7.691), [18.1] 
(18.5) 19008z(n) = —691e,,(n) + 27800c ,.(n) 
— 691[139(n — 1)e,(n) 
+ 2200, (n) - 21(20n — 1)e (л) 
+ 60(5n — Deal + 10σ{π)] (mod 2°.8*.5°.7.691), [18.8] 


(18.6) 87800r(n) =.6910,,(п) — 5783, (n)—691[22e,(n) 
— 1460,(n) —2lo,(n) + 88=,(n)] (mod 2'1.8*.5*. 7.691), 
[19.1, 18.8] 
(13.7) 3801670) = —691er,,(n) + 5460007, (п) ` 
` —691[66(4 + 18)σι() ~ 20(800n 
—221)c,(n) + 8(2400n + 8080n 


r 707)e- (n) + 60(10 + (kon) ΄ 
—90(60n — 11)o{n)] (mod 2'9,8*,57.7.691), [13.8] 


ER 
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Jet 


+ 8(520n —201)o,,(n) +81o(n)] (mod 213.85.5*,7.601), 


(18.8) 18792r(n) = 6910.,(9)—88088о, (n) 
+691[38(4n + Bjo (n) — (8159 - 
— 888)e,(n) — 21(20n + 41)o (n) 
(í8.9) — 216r(n) = — 6915, (n) +60888, (η) 


— 691[264 (n + 5)о,(п) — 2(8680n 
— 693)« (n) + 8(2400n* + 28005; 
' | —9821)e,(n) — 8(5040n? — 5240n ` 
| Γ41)σ.(π) - 2(1860n —841)o(n)] ` 
(18.10) 19008r(n) ` = — 691o a(n) + 978000, (п) 
—691[88(4n – 11)с,(п) + 10(88n. 


(mod 9:5 85,67 7.681), 


+ 400)o-,(n) — 21 (860n —468)o,(n) -᾽ 


+ 60(25212 — 220»: + 5)с, (n) 


^ 


Ke PUR ETT |^ ^ ^  «(2820n —481)e(n)] (mod 219.85. HE 


880167(n) = — - 691 c, (n) + ὅ4θθ0θσι (1) 
—691[88(8n + 19)o",(n) 
—80(179n — 200)o ,(n) + 8(2400n? _. 
о 177 — 5880n — 199299)c- (n) + 60(120n2 
~ +8089n — 1080), (н) — (15120007 
΄ -7 5600» + 6801)e | 
87800r(n) = 691c,,,(ñ) — 573874,1) 
— 691 [898c.,(n) — 21(40n: 
κ... ` : 1-31})σ {π} + 68(20n — Don) . 
| +620(n)] 
(18. 18) 190080») = = — 691r (n) 918007, (n) 
| -ee1[11( Län — H)e (m) 
10e,(n)—10e(n)] ` 
кш = 691. 2c (n) τ- 8008 (n) 
— 691[22c,(1) — 220 ,(п) 
ι —81e(n) ] | 
18216r(n) = —б91.2е (л) + 5760207, (n) 
—691[11(24n — 11), (а) 
- : —99(15п — 11)σ. (η) 
+ 8lo,(n)—81e(n)] 


(18.12) 


(18.14) 


(18,18) | 


fs 


(mod 21',8°.5°.7.691), 


μι 


(mod 25.83, 


(mod 25.82,6.11.691), 


5.1*.691), 


ol. 


[18.8] 


[18.8] 


T8] 


18:8] 


[18.1] 


[19.9] 


Pw sere 
о „7 


(mod 23.83:5.11.6913,΄ 


(mod 2*.8*,5.11,691), 


[18.2] 


[18.2] 


. 59, D. B. LAHIRI 


(18.16) 19008-(н) = — le, (ai + 278000", (n) 
— 691[11(12n — 11)e,(n) 
— 281c., (n) + 10(38n 
+ 100Jo (n) — (1820n 
—991)«(n)] (mod 2*.8°.5°.11.691), [18.8] 
(18.17)  19008r(n) = —6910,,(n) + 2778000, (n) + 
— 691[11/12n -- UU e (п) 
-22στ/() +2810 (n) 
—9(165n – 71)с, (п) 
—91e(n)] (шой 2°.84.5.7.11.691), [18.9] 
(18.18) 899168:(п) = — 691.210,,.(н) + 5788000, (п) 
— 691[22(126п —121)e,(») 
+22000,,(n) — 98120» — 11)e,(n) 
+100с,(в)—100е(п)] (mod 2*.8*.5*,7 11.601), [18.9] 
(18.19) 5189184r(n) = —11.091*c,,(n) ~ — 
4- 2780(11n +2719)o,,(n) 
--691 [0006(6η — 5)o-,(n) 
--10881σ{π}] (mod 27.8*.5.7.11.18.601). [18.4] 
It is obvious from Tables C(1) and C(2) that it is quite simple to deduce relations 


.of the type 
Ασιπ) = 0, Асып) = Bo (n), 


Ат(н) = 0, Ar(n) = Boln), 

where A’s and B's are polynomial in n, but the coxresponding moduli are in general 
weaker than those from which they are deduced. i 

4. Finally ıt follows from the well-known result, ein) = 0, k odd, for almost all n 
with respect to any modulus g, and the congruences (7.44), (9.8), (11.1) of Table OG) that 
(80) т(п) ze 0 (mod 21*,85.5?. 77.601), 
for almost all n. 

I should like to put on record my deep sense oi obligation to Mr R. C. Bose for his 


very kind and constant encouragement during the preparation of this paper. 
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CALCUTTA ΜΑΤΗΕΜΑΤΙΟΑΙ, SOCIETY 


Report of the Council for the year 1946 to the Annual General Meeting 
of the Calcutta Mathematical Society 


The Council of the Calcutta Mathematical Society has the pleasure to submit the 
following report on the general concerns of the Society for the year 1946, as кашы by 
the provisions οἱ Rule 26. R 

The Council:—The Council of the Society for the year 1946 consisting of the officers 
and members eleoted at the last Annual Genera] Meeting together with the Editorial 
Secretary, was constituted as follows :— - 

President . 


Prof. N. M. Basu 


Vice-Presidents es 


Prof. A. C. Banerjee . Dr. R. N. Sen 
Prof. N. R. Sen Dr. 8. 8, Pillai 
Prof. M. В. Siddiqi 


Treasurer 
Mr. 8. C. Ghosh 


Secretary 
Mr. U. R. Burman 


Editorial Secretary 


Mr. 8. Gupta 
Other Members of the Counci 
Prof. V. V. Nariikar Mr. N. N Ghosh Dr. 5. Ghosh 
Prof. C. V. H. Bao Prof. B. B. Sen Mr. B. C. Chatterjeo 
Prof. F. W. Levi Prof. 8. N. Bose Dr. Gorakh Prasad 
Dr. N. G. Bhabde Mr. À. C. Choudbury Mr. P. K. Ghosh 


(Assistant Seoretary) 

General :—The various activities of the Society which have for the past few years 
been carried on in accordance with the usual wartime arrangements have had to be 
conducted on the same lin: s throughout this year also. 

Membership :—The Council records with regret the death of one of the distinguished 
members of the society during the year 1946. 

Prof. P. N. Ghosh, Head of the Department of Applied Physies, University College 
of Science & Technology, Calcutta. 

During the year under review 8 new members were elected. 
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Meetings durings 1946 :—The Council held three meetings during the year and there 
were five ordinary general meetings which were devoted to the reading of papers com- 
municated to the Society. 


Publications :—Four numbers of the Bulletin were published during the year 1946, 
vis., No. 4 of Vol. 87, and Nos. 1. 2 and 8 of Vol. 88. The tragic happenings that had 
overtaken the city of Calcutta in the middle of August, 1946, adversely affected the 
various activities of the Society and particularly the publication ; and inapite of best 
efforts, it was not possible to bring out more than three issues of Vol. 38 of the Bulletin, 
during the year under review. 

The Society received with grateful thanks, in 1946, a grant of Ев, 400/- from the 
Rockefeller Foundation Grant for the improvement of Scientific Journals in India. The 
Council reports with pleasure that this amount has been utilised partly. in the purchase 
of paper and partly in procuring certain essential mathematical types, which have largely 
contributed towards the improvement of the Bulletin. 


The authorities of the Calcutta University have continued to lend their usual 
magnanimous services in printing the Bulletin free of charge, and the officars and 
members of the staff of the University Press have given their every sympathetic and 
active co-operation in bringing out the Bulletin in these difficult times. The council 
lakes this opportunity of offering them its very sincere thanks. 


Ezchange of Publications:—The distribution of Bulletins to countries with which 
communication was impracticable during the war period has been carried on during the 
year 1946 with increasing facilities. Still it will not be immediately possible to make up 
the war-time gaps for all the Institutions on the exchange list though 8 few complete sets 
of wartime publications are being sent out as channels become available. The Council 
reports with pleasure that the Society ha® established exchange relations with eleven new 
Institutions during the year. 

The Library:—The use of the Library continues to increase and during the year 
under review 200 books and journals were borrowed as compared with the figure of 170 
in the previous year. | 

Finance :—The Annual Accounts of the Society for the year 1946 have been 
presented to the Council in the usuai form by the auditors, Dr. B. S. Ray and Mr. N. L. 
Ghosh, who deserve the Council’s grateful thanks for their honorary services. The 
council has the pleasure to report that in view of the Government decision to discontinue 
payment of interest at the rate of 81 p. с. on the G. P. Notes and in consideration of 
the various schemes offered by the Government for dealing with these Notes, the Council 
decided vo convert the G. P. Notes in both the General and K. K. G. P. Funds of the 
Society nto 3 р. c. Notes, redeemable in 1986. The Council desires to draw the attention 
of the members to one or two points in the Auditors’ report. On the receipt side, the 
amount under the head sale proceeds includes the amounts realised from foreign subs- 
cription agencies, and on the disbursement side the expenditure under the head, books 
journals, covers the subscriptions for foreign journals for’ the years 1046-47 and also 
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includes the cost of journals ordered for in 1944 and received this year. It is a matter 
of gratification to note that the foreign accounts of the Society, which could not be 
settled up during the war period, have all been set right during the year under review. 
The financial position -of the Society as в whole remains much the same-as in the past 


few years. 
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eg Á NN ЮЕ - oe, A 
ON THE DIVISORS OF NUMBERS __... . . 
* | Ву 2 M < u 
D; Р..ВАнЕВЈЕЕ ` 
(Communicated by the Secretary—Received April 1, 1947) 


The excess of the number of divisors of a number' n which have the form 4т+ 1 
over the number of divisors which have the form 4m £3 ів termed by Glaisher ав Ei, 
I shall consider here some new formule of this and other functions of divisors, 


Following Lambert (MacMahon, 1921) we can prove that 


i I BS | m gin 
i Le >: q = боб. 


— -q" 





where d is a divisor of n and a is any arbitrary quantity- Hence 


m = dofie. - 
kee ο a^)g 


WM CERE > S dd?) ham EY 
pm Qm. το; 
: 2% 


ог 


Let a = её, then 


g | [a- menei 2:4 cos dæ)g”, (p 
mol 
log (L—g™ytin me = 5 L (> d sm de)q", . (2) 
A = 1 E 
Let z = п[2, then 
ΤΣ 


Now according to Glaisher E( nre Увш ἀπ[8. Hence 


SH е- 53 L 9, 


Hence 


(L-930-425.. 


Let 8 be the divisors t n which possess uneven-conjugates. Then 


Are 25e. e 


΄ 


KS E(n)q* = eg a — 95). . . (4) 
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Li Ув)" = 1og| | Tt: ; 
Si 
putting а = et, we have : 
cos mz 

ә ICE: ech NK (>Š сов ба)”, 

fl 1+" үт те 1 Sssi | 
1 (ES -21 \ ym « 
og ) т z (25 sin 8zjq Н 
SEN 4 — of 
(1-4) + 4®(1—4°%... ο dE 


(1+4)(1—4)(1+9%)... 
zeck 


Hence 


when z = al, 


log 





Ural  g*)0 + 2)- 
(1—4)(1  q*)(1.—95) . 





log 


2 
cA 


А. M. Сошдаов, 
MYMENSINGH, BANGAL. 
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PROPOSITIONS ON POLAR: RECIPROCALS Pole s 
r α-ῷ ο. = By s . Se | f ie aa 


В. K. SENGUPTA ps ο. 
- (Communicated by the 8ecretary—Received February 19,1947) ^ 


ς In plane geometry, to a point (tangent) of a.curve C, there «corresponds я’ tangent 
(point) of the polar reciprocal of C with respect toa given conic. If P-is a point'of.G 
and Q the point of contact of the corresponding tangent, then P and 9 are corresponding 
points. . > D NT ncs 


The following propositions give certain properties of polar reciprocals, 
| Proposition 1. The points on the polar reciprocals of a given curve with respect to 
a given system of confocal conics corresponding to the same point onthe given curve ‘lia 
on a right line perpendicular to the tangent to the given curve at the given point, 


` Proof :—Let the equation of the given curve pe fe, y) =0. end that οἱ the systera - 
of сопѓоса] conics be 
(b +A)z?+ (а + А)? —(а+лу® +A) е 0, 


where À is a variable; let P(x’, y^) be a point on the given curve j if Q(z, y) be the "torres. 
‘ponding point on the polar reciprocal, then 


Ken 3 


SE : z=(a+A}m,  y-(bkXR - : "nr 


NES rer = (=# y 27), 3 STE GEN 


On eliminating A between the two relations, the equation of the locus of (z, y), the point 
on the polar si ig found to be 





nz—my—nm(a—b) = 0 


or { 
af SH of _ of) - СА of 
("ase ac ay "8r) ww ay = 5 
` and this line is perpendicular to the tangent to the given curve at P, viz., ` 7 
e oot + y 9L. -(s ον Of GA 
| Var Vae T ay) © 


+ 


Proposition 2. The centres of curvature for points on polar reciprocals of a given 
curve with respeet to a series of concentric circles, one lying on each and all corresponding 
to the same point on the ‘given ourve, lie on a right line passing throigh the centre of 
the circles, 
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Proof : —Let О be the centre of the concentric circles and Р(=, y) a point on the 
given curve f(x, y) «0; let the radii of the circles, with respect to which polar reciprocals 
οἱ the given curve ar& tukan, be bo і=1, D. "Get ON be.the. perpendicular on the 
tangent to the given eúrve at Р, N is then а point on the first positive pedal with respect 
{о O of f(a, y)=0; let Pj i=1, 2,. . ., be poitits on ON such thdt ON.OP,=kë, so that 
they lie on the polar reciprocals, all corresponding to P. Let Ον i=1,2,..., be the 
centres of curvature respectively. for the points P; on the polar reciprocals. If ¢ is the 
angle which the tangent at P makes with OP, the tangent at N to the first positive pedal 
‘makes’ with ON the same angle π--ϕ, the polar reciprocal being the inverse af the first 
positive pedal; hence the tangents-are all parallel and consequently the normals at those 
points to the respective curves are also parallel; let ON be т and ОР,=т;; let; the radii of 
curvature аф р; be P;=P,0;. Now these radii of curvature are respectively equal to 


-k var e yr en — 1) 


weg is -dy|dz, а= δα) and z, y, р, q refer to p and are the same 5 throughout, 
Hence .. . KE 
Ve E ix ‚= kiika: GEET = P iTi. es : 
- that is ^ i = YZ 
i P,0,:P,0,::.... = ОР,:0Р,:.... . 


^ 


whence C,  C,.... lie on aright line passing through О, the centre ‘of the concentric 
circles. . А i 
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А NOTE ON STUDENT'S £ FOR PAIRED SAMPLES 


By 
H EK NANDI 


Ze? 


(Communicated by Mr. Β. О. Bose— Received May 98, 1947). . 


When ὑπο series of sample values are given such that a sample value in one series 
corresponds uniquely to a sample value m the other, the problem of testing for-the 
equality of the means (the distribution of the sample values being assumed normal) has 
been solved by either (1) considering the differences between the paired values ав inde- 
pendent samples with mean zero apply t-test to these differences, or (II) regarding the 
two series ав шере apply t-test with increased degrees of freedom.- Fisher ος 
suggests that -'“α more precise comparison is obtainable by this method (i.e. Tost п) 
only if the corresponding values of the two series are positively correlated and bale if they 
are correlated to a sufficient extent to counterbalance Ше loss of precision due to SE 
our estimate of variance upon fewer degrees of freedom.’ 5 : 

In this note, the two tests I and TI have been studied from the point- of view of 
control of the two kinds of error and their relative advantages have been appraised, It is 
found : KO) while test I is an exact test, test П is only an approximate. one whose exact 
distribution involves the correlation coefficient p; (ti) for only positive values of p. the first 
kind of error is controlled, error being less than the level of significance; ‘and (iii) it is 
only when р is small—for samples of five р must be less than 0.1—that test TI scores 
over test I in controling tlie second kind of error. 

Notations. Let (σι, £a), (ὅτι Sal: (1Ξ1, 2, „ n) be 5:17 pairs: of random 
samples from a bi-variate- normal population Kee variances (σι, с,?), correlation p and 
Ε (αι) =Е(8) =0 while E(z,)zm,, Εαν =m,. ` : 


Put ney = пал (i,j = 1, 2) ° (1) 


, = bs --ᾱ- — 
i SS М (813 + 823-281) ᾿ id "IOS Baa) @) 
Then test I and II consist in referring t and w to student’s distribution sid: n Kë > 
‘d.f. respectively. While t is well known to follow Student's жыш, we have to 
obtain the distribution of w. Р 
Distribution of w. Let us assume σι =r} = o? к wo are et interested 
in investigating the effect of correlation on the tests, ` 


Transform 21, Gar 811, Sait to new variables X,, SC Zi, Za Етек by 
А МХ, gg. МХ, = σι +z; l 
| : (8) 
vVÉ = Bu Bai М2 д #ц+ δει | 
- go that : ` > ` : : ^ 
| V(X,) = VZ) = o(l-p) = γι | 2 = 
Tu F(Z) = V(Z4) = e*(1*-p) = y, 


* 
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Put "8 = 52h, δις Юй С 
T . 
Then ` 
3 85. = S, S, w= PI EA Zen (б) 


The variables X,, Xa Bu, Zu follow normal probability law independently, whose joint 
distribution is given by 


7 vis зеі X ЕЕ = ο οτρί- πϑι/ϑγ.].ΤΤΖΧ.ΤΤἀΖιεῖδει. 


. {3 
Thus the pi distribution of 8, and 8, is 


-l exp{—n8,/2y,}.80° "ds, iz — l exp[-n8,/2y,.81 "a8, (8) 
wherefrom the distribution of 8 = 8, +Ë) /2 is obtained in the following alternative forte: 


nj2 
ав) = An? 


— .ex 9nS [9,1 S^7!d8 
4уүү» Τη) pí- [2 z 


- 


ΕΙ 


` 


^ ize [E] ο om as 


n(n2)...(n4-2i—2) 2n V" 1 "D ] 
Dx il £5 SI, уі 2n8/2y,] 8"*Y?d8 |. 


ral 2y, 
‚ (10) 


[ ай) = {ү SE нел i d , 


| | ‚ (2%51@һ+) 
ир. y GEN Е } Гн (8, 948] (11) 
Д : 


whére I,(8, y)d8 is the distribution of S, the estimate of variance y of a normal popula» 
tion with'n d.f. Or, ; 


Tas - 8 в, г | Ep 
x - ta 
duh. fere 3 5j (= ња αρ]. © a» 








ici 
Ii we multiply the expressions (11) and gë by Ше distribution function of X,, we get the 
distribution of w in the following alternative torms: ΄ 


E шг» = DT κ Smee аянын [- oy poem 


(18) 
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uv (11-98) / än) 


I Ge (ar IG @й+ 2 птіп+9). - (n--2i—2) | E | Gë Í: 
(14) 


where T,4()dt is student's distribution with 2n d.f. and u= V (134 ϱ)/ /(1—p) The 
form (18) is useful when p is positive while (14) will be used when р is negative. 

Control of the first kind of error, Test I, of course, controls the first kind of error 
alright. But since the distribution of w given by (18) or (14) involves the nuisance 
parameter p and as such the significance levels of w obtained from those of t with 2n d.f. 
are inexact’ when р is different from zero, 18 remains to be seen how far test II controls 
this error. | | 

Suppose t, is the x% level of significance obtained from t-table with 2n d,f. If the 
ax% level of significance of w is also taken to be t,, the exact magnitude of the first kind 
of erro: is seen from (18) to be iess than a when р is positive. When, however, p is 
negative, this error varies from-a in both directions depending on n and p. The following 
table reveals the degree of approximation involved regarding « in referring w to the t-table 
Here we consider only one tail-end of the distribution and take small values of n, because 
for large values of n test I is superior. 





Tap 1 . 


The exact magnitude of the first kind 
of error: @=0.05 








Power of the tests. Here it has not been possible to use the expressions corres- ` 
ponding to (18) or (14) because extensive tables for the power of the t-test are not 
available. So a sampling experiment had been undertaken to have some idea about the 
power for positive values of р only. 50 samples of five were drawn from а bivariate 
normal population with means zero and standard deviations unity. Mean difference of a | 
magnitude which is detected by test I with probabilities 50%, 70% and 90% was added 
to one pair of observations and the value of w was calculated. Table II gives the 
percentage of cases in which test I detected the difference (the expected values of these 
percentages are, of course, those noted above), Table III gives the percentage of cases 
where w came out to have significant values when referred to t-table with 8 d.f. 
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z (Tam П, ang ΤΠ 
` Percentage of cases detected by test I -> Percentage of cases detected 
Е т = 4 by test IT 
Metn diff. in terme of power of test L | Mean diff. in terma of power of test T” 
e e - P EE 
50% — | 70% ` | 90% 50% | 70% 90% 
0.14 4g 70 “| в: 
0.60 98 40 ` 68 
0.80 12 22 46 











` Table II reveals that observed values agreed well with the expected values and as such. 
the observed: values of the power of test II given in table III are not likely to be wide of 
the mark. Inspection of table III suggests that when p=0.14, the powers of both the 
tests are more or less the same and hence when p < 0.1, test П will score an advantage ' 
over test I from consideration of its power. 


OALOUTTA BTATISTIOAL ΑΒΒΟΟΙΑΤΙΟΝ, 
OALOUTTA 


References” 


Fisher, R. А., 1941), Statistical Methods for E Workers, eighth edition, 128, 
Nandi, E. K., (1946), Science and Culture, 10, 240. 
Neyman, J. and Tokarska, (1986), J. A. 8. A., 31, 839, 


- 


ON A GENERALISED CONTINUED FRACTION 


By 
S. D. Upapnyay anp P. N. Das Gupta 


H " H 
(Received May 14, 1947) ` 


A series of expressions for the numerator and denominator of any convergent of 
a continued fraction by means of matrices had been given by Milné-Thomson 
(1988 а, b). The authors while working on a problem related {ο reciprocal differences 
in connection with interpolation formulae had to consider continued fractions of a 
general type where the coefficients themselves represent continued fractions. The 
present paper is a result of studies made in that connection. 


^ 





ы Notation 
In the continued fraction ' " Ы 
z = a, + 1 ES 
| (s + * q, + P Ё 
where d, = dy 1 : 











= Gat dut "rat" Е ' 


а = nu 1 pu i 
e 41: Gas + + ° ° Gon + SCH 





D , + . ` . f H H 


1 1 1; 


ün = dy, + ——— 
Anat Gas ttis 








we denote the convergents 


ant, px cL 
u πι кн Git Gan , 
(ant l1), a, + за —, ete v 
1. at ο + 31 
Gos т 
by 12 12 a [ 
f α 1), ah df 2 


and the corresponding numerators ру 


( 
сау м 
| 


(3). »ί 


` ge 


ᾱ--1649Ρ--8 
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We further denote the convergents 
1 1 


1 
δῶν q E рери 
Gig Giat Gis 


i | «Ὁ. Aahe 


and the corresponding numerators by 














i (А) 
Weh 2 2 1 
2s p(t 2) = ορ 1) +0 Gi) 
12 12 1 
» (5 2) = GssD (à 0 +n (s) 
128 2 1 
2 nl 1) = eei lest) 
128 12 2 
st: 1 9)” Е 1 DELIG 1) 
Та general 5 ve ee 
12 38...7r\_ Dao sued 
st, lm... ) ER р (3 Lm... Al Gi lm... с] а) 
Since p 
1 1 
(7) = = [eo G) +1] +2 (7) 
12 | : | 
(1 а) = qa 1 p (F) «s. (3) 
—1 a; 
. 1 D 
i EH 
© δες Are 2 я 
; : D dy. —1 1 24 
0 1 а» 


Similarly we can shew 
12 G, — 0 0 1) G, —1 0 
р G 4 : Pt ^ 








1 a. —1 0 l a, Ji: (4) 
0 1 a -l 0 1 a, 
10 0 1 a, 
Also, 128 säit 198 
i p G 1 3 τι ας P) + anp Ὁ 
: x 1 32! . I 
and š | 
S 128 8 1 9 8 

ΠΕ 1 J азәр G 1 db sf 1 1) (5) 
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Again since 


we can similarly shew 


аза 


Us, 


Also since 


(8) 








And since 


we can shew 








<B) 


We have 





^ 
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Similarly, 





More generally we have 

















eG 2) dp ο. E E 1||d4 1 | аз 1 Se am 1 | 
πα ο 
and _ МЕ S I 
st: J Е | |= | Aan 
τάν |1 olla | (18) 
D zk | 
We have ο I _ z 
6:9 P6 T m e] 
33) 1 | 4133) «2217 
"ef aa) (14). KR lea 
κακο... 
Ν EDGE le l k | E | 
К ) 3463) 1 0111011 





H 
— 
= P 
or 
ms юм 





a, 1 а» 1] йв, 1], аза 1 | G. | 
1 of [1 oj [4 j 1 0 SE Vi 


More generaily, 
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πι... Ë 
DE) 
and 
EE ER 
Qina) fe μα). 
We have, 
951) 
ΓΕ 
and ` - 
KE 
022 325) 


l||a 1 Ga, Í 
1 0 1 0 1 0 


Liz D 


—— 


a, 1 
1 O 


d44 1 
1 0 
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x а: I аа 1 a, 1 EN H 
11 ο 1 O 1 0 L 0 
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More generally, 


128...n 128 E S 
Pinnn...n Plann n— 1 

128...m nee) 

nnn..." Tinnn. n—]1 


, ,(4 23...n—1 
Plann... n- Dinnn...n—l E 
2 


Gëtzen 123.. H 
Wann... n Tnnn...n—-l 


' dard ana 1 aa 1] [aa 1|. ` 
1 0 1 O 1 0 1 O 


Ç Gy, 1 йы 1 Any 1 αμ 1 
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- 


DEPARTMENT OF MATHEMATICS, 
SCIRNCR COLLEGE, PATNA, 


` 


References = i 

: 1 

Milne-Thomson, (1939388), Calculus of Finite Differences (Macmillan), chap. V. 
——— y (1983b), Proc, Edin, Math. Soo, 19), 3, 189. 


THE ASYMPTOTIC NUMBER OF THREE-DEEP 
LATIN RECTANGLES 
~ By I 
8. M. KERAWALA 
(Received June б, 1947) 


A recent paper vy Erdés and Kaplunsky (1946) establishes the following “asymptotic 
expansion for the number f(n, k) of n by k Latin rectangles: 


[{π, k) exp(kC) _ k= = 2) , МЕ—1(Е—9)(%*—8Ю°+8%—580) , 


the existence of ‘which was previously conjectured by Jacob (1980). For k=8, the ex- 
pansion reduces to 


f(n, 8) e? ` E EN? 
απο Dee ; 
Comparing the value of 
pak d 
n Qn 


with the exact value of U, given by me (1941) for n < 25, Erdós and Kaplansky show 
that the first three terms of their expansion provide numerical resulis accurate to four 
figures for n>>20, whereas MacMahon’s (1915) operator or my differerice-equation 
(Kerawala, 1941) or Riordan’s combinatory formula (1045) would require heavier 
computations. Š 


However, the method by which Erdós and Kaplansky derive their general asymp- 
totic formula lacks the power for pushing their series any further. The method, if 
pursued, may with luck give the coefficient of n~*, but there appears to be no hope of 
obtaining the coefficients of higher terms by their method. The purpose of the 
present paper is to derive the higher terms of the asymptotic series when k=3, 


Tn my earlier paper (1941), I have shown that i satisfies the following difference 
equation : = 





(n —1)(? -2n +2) (n? —2n +2) (n-2n-2) . 
Un E К n?(n— 2) Ue + (п —1) Haf ans ai 
d 3(n* — Da + B) A a 
n*(n— 1)(n— 2)?(n— —8) Оаа) n'(n 9) -8)(n — 4) (9—5) 
І substitute 


Un = 1+ Š (a n”), > 
r1 
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„ assuming the expansion convergent for n>n, · On equating the coefficients o 
n, n7, n7*, . , , on both sides and simplifying, I obtain: 
l+a, š = 0, 
4+Əa,+2a, , | = 0, 
10-+ҥ+8а, + ва, + 8a, f - = 0, 
20 + 28a, +17a,+10a,+4a, ; 
20 + 68a, + 51a, + 82a, + 1δαι + 5a, =0, 
—82+197a,+168a,+ 4а, + 54a, + 21a, + 6a, = 0, 


— 402 + 520a, + 500a, + B05a, + 198a, + 84a, + 28a, + 7а, = 
— 2664+ 10174, + 2165а, + 14144, + 728a, + 880a, + 123a, + 36a, + 8а, = 
— 12602 — 484a, + 75510, + 58860, + 29624, + 18260, + 5284, + 172a, +45a,+9a, = 0, 


— 55648 — 22507 , + 22818a, + 24968, + 182954 , + 57074, + 22700, + 8010, 1- 282a, 
+55a,+10a,, = 0, 





etc, ete. ete, 
On solving these, I find ' 
lla, = —1, 61a, = 6961, 
21a, = —1, 71a, = 88800, _ 
` 814, = 2, ` Bla, = —1899687, 
41а, = 49, 91a, = — 1880659258, 
Bla, = 699, 10! a, = — 6482111809, I 
` еб. d ` ele, ete, 
Hence, . . 
8 
ο gie gier Sie 


383606 1899087 183005258 0482111809 — 
7 1η 8115 Qlan? 101 n?’ 








etc. 


The first three terms are identieal with the three terms of the Erdós-Kaplansky expansion, 
The series may be pushed further to any desired extent. 
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EINIGE DIOPHANTISCHE PROBLEME UND RESULTAT 


Br 
ALFRED MoEssNER 


(Communicated by the Seoretary— Received June 28, 1947) 


T. Wir untersuchen die Relation (--α), (—5), ο 3 a, b, (--ο), wo a+b = c. 


(1) Besteht die Relation (—a), (— Б), ο 5 a, b, (--ο), dann ist, wenn 8 = = 
die Summe 
(—a- 8) + (—b-8)* (c + 8)? = (a+ 8)? - (b + 8)? + (— c + 8) 


durch 8 ohne Rest teilbar. 
Exempel: (--9), (—5), 7:29, 5, (—7); в=89; es ist (—2+89)9+(—54+89)* 
+ (—7+89)? teilbar durch 89. 
(8). Besteht die Relation (—a), (—b), c = Za b, (-- o), dann ist 


(—a)* + (=b) о = a? c btt (~e)? = 2(а#+ Бо) = 2(b* + ac) = 2(c* + ab), 
а }- b* + с? " ; 
Setzt man nun d ‚кеке = k, dann ist 


(—а+Ё)%+(—5+К)%+(с0+Е)# _ (atk) + (60) (о 0)? _ 5, 
τοτε Ee ЕЕ 


Ezempel: (--9), (--β), ὅ & 9, 8, (—5); k= /19 und est ergibt 





(—2+ 199 (-84 /19* +(6-+ v 10* (@+ 192 +(8 ν19)--(- 5+ 419* κ 
. 19 19 | 


N.B.! Bei (1) und (2) ist vorausgesetzt, dass a+b=c ist. 
(8) Ist a+b=c und gilt (—a), (-- δ), Ke 2. а,Ь,(—о) und ist k = /à(a*'+ δη οὔ), 
dann gilt , EP 
iN wii а (a+k), (b +E), (- c +k) 
(—a +k). (hr, (e +k) = —(a k). (b+ k). (7e kj. 


Exempel: 1+2=8; also (—1), (C2), 8 21,2,(-85; k= у/4(1°+9#+87) = vi, 
also gilt . š 
, (714 γη), (—2+ 47), (8+ ντ) = (1+ γη, (2+ у1), (—8+ / 7) 
GES ΥΠ). (2+ yT). (8+ №7)  — Qr WD). (2+ ΝΤ). (78 ΝΤ). 
3—1049P—2 a 
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` 


(4) (a) Soll k eine rationale Zahl sein, во müssen a, b,c nicht nur der Kondition 
a+b=c, sondern auch der Bedingung genügen 
MU = 23 


at+bt+ ot = 2k, rM 
wofür die allgemeine Lósung gilt 


Dc Ray pot 
Bowes 


= и? фир +0; а = Mimi: bss 2uu+23 c = Ruvu. 
Exempel: u=2,0=1 ergibt 8,5,8 == 7,7 für n = 9,4. Daraus folgt 


(8+7, (-5+7), (8+7) = (8+7), (б+7),(—8+ 7) 
SS, е Gg 54-7). (8+7) = – (8+7). (5-7). (18+ 7), : 
“also die Relation ` τ 
` 4,2,15 210, 12,-(— 1) 
Те dë 15 = —10. 12, (—1).' 


(8) аш die unter (3) angeführte Relation "τ 


{е а+ E), (— b+), ( (o +B) È (0+0), (b+k), (o +k) 
(~ a E). (--ὖ +k). (c k) = —(a+k). (b +k). (— κ, 
mit der Voraussetzung, dass 


α, ὃ, ο = k, k für па 2,4, wo a+b = с, 


(-a+k) +(—b+k) +(c+h) = (ath) 03) +(-0+k) = 8k; 
(--α --11 + (—b 4 k) - (o-- А)? = (a-- k (bk) + (о Ek)? = 5k*; 
Coach . (—b«k). (0+0) = (ak) . (bk) . Geib = a.b.c. 


ΤΉ int 


΄ 


IX. (1) Wir lösen Relationen, bei welchen die Summe zweier. Potenzen gleich ist 
einer Potenz der Differenz ihrer Basen. 


Ἔα gilt X*+ Y? = (X —Y)*, wenn wir setzen 
X = 9(84+1)(844*+8); Y = q(8q — 1) (649? +8). 
Exempel: q = 1 ergibt 608° + 4060? = (608 —4090)*, AS 
Eine andere Sig. ‘ist gegeben, indem man setzt 
= (r+1)(@r+1)(”+r+1); ys rre ++ 1). 
Emempel: т = 2 ergibt 105° + 70? = (105 —70)* 
Eine Lósung der allgemeineren Gleichung 


X"eY8e(X-Yypün Ἢ ë 
ist gegeben, wenn man setzt ` 
SV ` 


ES (р+1)2; Y = ра; wobei a = (pc 1)^- p^. 
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Exempel: p=8, n=4 ergibt, da a—4*-- 8*—837 ist, das Resultat 
I 1948: A 1011* = (1848— 1011). 
Die Relation A + R? = (4- By: bat die Spezielle Lésung 
А = @ё+9Е+1)(Е++1); В = БӘ +981). 
Exempel: k=8 ergibt, 1003 -- 75? = (100—775). 


“Wir lösen ähnliche Relationen. Ев ist X + Y = X2 + Y°, wenn man setzt 


- Х = su . (a1); 





Exempel: a=8 ergibt die Lösung 


πο. 


Die Relation 


1бвеп wir, indem wir setzen 


wobei £—4.(A + B). 


die Lósung 


` l. B Š o, D, E 
A+ B = 4%+ Вз 


^ 


= π-ππι’ s GE SE s п 


l 
-œ 


Exempel: m=4 ergibt, da dann 


в = τας 161. 28 
818 18 89". 


- 8 162 1.22 46 


18' 8 89" 89' 89 


8 +15. cl Pai 
18* 18 18 


Bei der Relation X*-- Y! = (X+ Y)? ergeben sich für Y zwei Werte, und zwar ist 


ub oM Lc ИЧЕ к -6pa +40, y age. 

Х = 3? 1 , Y, 3 3' 
Ρ"--4ρα πα ` p! — 4pq + 14% p* —4pq +19 

Exempel: p=4, q=1 ergibt X= 5, Y, = 2, Y, = > also die Lósung 


psy Sr. еар μα ey coy- {юр 


Eine Lösung zu C —D = 0*—D* ist gegeben, wenn wir setzen . 


_ 9α--1 а? +1 
=, Da —— 
а +а+1 . eG +а+і 


Tü 
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Exempel: a=2 ergibt 
99a {5-2} 
7 7 7 7) 
Besteht die Relation 6+] = g, dann gilt auch 
i [ει] - у 
9 9 
Exompel: Da 8+4=7, во gilt 
-2f = 244? [-2] 
[84-2 = e«es[-2]- 
Es ist kt = [ew +y+(—2)]? = z° y? + (—2)2, wenn man setzt 


pa 09+), BEqq-D, 0-49) 
84%#+1 ' ) Bqit+1 ᾿ 8q°'+1 ` 
. Exempel: k=7, q=8 ergibt das Resultat | 


7* = [424-21-- (—14)]? = 423-21? - Léi, 


Й 


(2) Ich möchte einige verwandte Probleme angeben, deren Losungen mir noch nicht 
bekannt sind und zwar (a) X^"—Y"-(X—Y); (B) (A+B) = A?"'--B?*!; deren 
Lösung wohl nur mit komplexen Zahlen móglich ist; (y) Ami B" -—(A-—B)"-; 
(8) G*,H* = (G+H). Hiefür ist für den Fall v=2 eine numerische Lösung ` ` 

ΒΤ Du 
s. 2] = [3+ 2] ; (ϐ) GH = (G-H); 


eine numerische Lósung hiefür ist 


(8) Das Gleichungs system 
An +В* 405 +a +b +o = Däin Fd +в +f 


A® +B? 405 a? b? c? = Dt+Et+Pt+ а + e2 +f? VER 
А+ BV 0 a? b? + οὔ = D+ E+E der 
A*t + B* +0* = Dš + B3 + F 
Я 7 а +b +o = I d +e +f 
Аз +B? 1505 = Di + Et + Е 
а +02 + οἳ = а? +в? +} 
A? +B? = 63 р? + E` = Р, ВА 


kann in ganzen positiven Zahlen auf folgende Weise gelóst werden. 


Wir lösen zunächst die pythagoriéiische Gleichung А? + В? = C? nach den Formeln 
von Brahmagupta А? —(z—3?) B? = (2zyJ, Οἱ = (а-у) Haben wir во A, В, 6 
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bestimmt, dann bestimmen wir F, D, E und zwar ist D = :B2— A2— АВ, E = 2AB. 
Е = р+ Е. Damit können wir die Identität i i 

5. = D2+ B3+ F2 


‚ As+ B* -- C* = D*-- Е*+ Е 
bestimmen. ` 


Diese Identität ist identisch mit der Relation ` 

(A‘),(B4),(C*) È (D*),(E*),(F*). 
Gi, αι, + ai G, =K, E, б, К, š 
dann gilt für beliebiges h die Relation 


Gilt die Identität 


G, ο Gn Күү, Bari - К, == ES ES us Graw Oath caue 

Wir wenden dieses Theorem an auf die Identitát Е 
(49, (BY), (09) ® (рз), (03, (Рз) 
und erhalten damit Lösungen der Identität 
(49, (B9, (63), a, b, o & (03), (E^), (P), d, ө, f. 

Damit sind auch die drei ersten Gleichungen des vorgelegten Gleichüngssystems gelöst 

Exempel: ==9 у=1 ergibt 

8-4 = δν, De 41-91 --8.4 = (--δ), Е = 9.8.4 = 9, F-(—5)-924 = 19. 


Wir können das negative Vorzeichen be: (—5) unberticksichtigt lassen, da es sich nur um 
gerade Potenzen handelt, können also schreiben 


8! -- 44 -5* = 0-19? + 24° 
iu = 5*+19*+24*, 
Betzen wir h—1, so ergeben sich die Werte I 
а = ὅ 1 = 26, b = 192+1 = 861, с = 2431 = 577, d = Bt+1 = 82, 
e = Ziil = 257, f= 5t-+1 = 626. 


(4) Zu der simulianen Identität А, B, C, D., E, P, F, G (п = 1,2,4) fand ich 
. die Lösung 





А = a.b.(2a +b}; E = а.(а +ab+b)+ b(a + Ь)(а + 2b); 

В = (4% —3)?; F = b.(a—b).(2a + b); 

C = Ь?(2а-+Ь)°; ‚ G = (a+2b).(a+ ab + b). 

D = (a*—b*)(a+b)(a+ 26); ΄ 

Hiebei ist Я 

A-F=G-B; D-F=E-C; C.(D+2B+E) = A’; 
D+2B A, a. D+2B+E, D+2B+H 4 
D-B C b A ^C C b 


r 


Ezempel: a=2, b=1 ergibt das Resultat 50, 9, 25, 86 = 46, 15, 15,44 (n=1, 3, 4). 
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. (5) Zum Schlusse führe ich noch die mir bis jetzt bekannten eg mit Zahlen 
1000 zur Gleichung. 


M, P,Q =U, V, W für π = 1, 5 an: ' 
(а) 49, 75, 107 == 89, 92, 100 (n = 1, 5); 

(8) 298, 754, 911 — 498, 501, 959 (n = 1, 5); 

(у) ` (—56), 417, 618 Ж 161, 184, 634 für (n = 1, 5); 
(8) , 139, 889, 442 = 208, 272, 474 (d = 1, 5). 
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“PROPERTIES OF THREE NUMBERS IN A-G.P.* - 
р | . Bv f 
ABDUR RAHMAN Nasır 


(Communicated by the Secretary—Reoeived April 8, 1947) 


4. In this note I.R. stands for ‘‘Indicator of Ratio” whith means the: common 
ratio of the component G.P. of an A-G.P. An A-G.P. having Β as LR. is denoted by 
“ A-G.P.(E)"' or simply by (R). 

We shall start with a lemma which can be easily proved. τ 

, Lemma. If a, b, o are any three consecutive terms of (R), then aR?, bR, ο are 
in A.P. : E 

2. Theorem I. Iff,g, h are in A-G.P.(r), then they are also in-A-G.P.(h/fr), 
provided f + 0 and hho. ` 
I 'The given numbers can be written 88 

och [тү у ` 
t CL RY. @ 
which сап be obtained by multiplying.the eorresponding terms ot the following gets 


SCHO Оста 


б. [е „ш Я : 
„ BR | 8) 
Clearly (2) is a G.P. | . | , 

Again, h, gr, fr are in А.Р. (Lemma). | | 

Multiplying by the same number f[h, we, at once; see that (8) is an А.Р, 

Hence (1) is an A-G.P.(h/fr), which proves the theorem. | 

8. Theorem II. Three consecutive terms of απ A-G.P. cannot be common to 
more than two A-G.P.'s with distinct I.R.'s. 

Let 1, m,n be three consecutive terms of an A-G.P.\t). Then H2, mt, n are in 
A.P.(Lemma). 

Therefore 





mt—l? = n—mt. 
or Ў 
А | ; lt? —2mt--n = 0, (4) 
which determines the value of t. 
It is clear that the given terms are common to A-G.P’s whose I.R’s are the roots of 
the equation (4). ` , 


* Arithmetico-Geometrical Progression. 
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But the equation (4) is quadratic іп ¢ апа thus cannot have more than two distinot 


roots. 
Tt therefore follows that the given three consecutive terms cannot be exhibited as 


A-G.P, in more than two ways with distinct I.R's. 

Hence the theorem. : 

A Theorem III. Two A-G.P’s сй have more ahve three consecutive terma 
common without becoming identical. 


Let р, q, r, 8 be four consecutive terms of an A-G.P, 
Suppose that p, qer are common to two A-G.P’s, (R,) and (R,). We shall show 
that в belongs to either (R,) ος (R,) and cannot belong to both (В,) and (R,). 
^ Ву Theorem II, R, and R, are the roots of the equation 


—2qz-4r = 0. (Б) 
If possible, let s-belong to (R,) and (Е,). Thon (R,) and (H,) have also the three 


ος ολ terms q, 7, 8 in common. 


` Hence R, and R, are also the roots of the equation 
qz! —2rz 4-8 = 0, (6) 
Since equations (5) and (0) have two roots equal, we have 
pla = ar =7/s, 
that is, р, q, 7, 8 are in continued ,proportion—a contradiction to the hypothesis that 
р, q, τ, 8 form four consecutive terms of an A-G.P, | 
Therefore з cannot belong to both (R,) and (R) without making (R,) = (R,). 
Hence 8 belongs to either (191) or (Ra). 


This proves our theorem, 
Theorem IV. Ifa, b,c, d are A consecutive terms of απ AO P. then 


‘ 


(bc —ad)* = 4(b?—ao)(o?— bd). š 
The result readily follows in view of the fact that the two quadratics 
—2bt+ o = 0, 
bi? —Qct4d = 0, 


. must have one root in common. 

8. If A, B, C are any three consecutive. terms of an A-G.P.(R), from our lemma 
we infer that these can be putas А, (A+D)R, (4+2р)Е?, Р is called ‘‘ Indicator of 
Difference ' ' (written I.D. for short) corresponding to R relative to the given three terms. 

Theorem V. Ratio of I. R's of two A-G.P.'s that have the given three- consecutive 
terms in common is equal to the negative reciprocal of the ratio of the corresponding. 
І.Р relative to the given three terms., 
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Let z, у, be.common to A-G.P.'s, (T,) and (7,). if D, and D, be I.D’s corres- 
ponding to T, and T, respectively, we have 


e iit. j; y= (w+D 0, e (24DQT, ^^ 500 2:1. 
Therefore : - 
D,T, = y-aT,, | DT, = y-zT,. 


Adding these we have 
` D,T,-D,T,-2y-z(T, T). - 

But by Theorem II, ` 5 
T,+7, = 2y[z. И 

Theretore . 
D,T,+D,T, = 0. 


* ` 


Henee the theorem. А I 
Qoi. 1.' If Т, and T, have the sume sign, D, and D, must have opposite’ signs ‘and’ 
vice versa. ` | I 
Co. 2. D,T2+D,T,? = (21ж)(вд—у°). 
6. Iam not aware of any text book on Algebra, in which the above properties of. 
this series have been discussed and for this reason Iam led, to. believe that the results 
are new, I 
I stop here and hope to return to the subjeot later; 
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ASYMPTOTIC SOLUTION OF THE "PROBLEME Ἢ 
DES MÉNAGES" zx 


Bv. 
Б. M. KERAWALA 


(Received June 28, 1947) 


The ‘‘problame des ménages'' consists in finding the number of ways:in which n 
married couples may be seated at a round table, men alternating with women, go that no 
wife sils next to her own husband. 

Let the number of ways be seb equal to 2(nl)a(n). Several solutions have been 
given before by expressing a(n) in various ways. Mac Mahon мышы Íor instance, gives 
the following ‘operational formula for a(n): 


А | a(n) = (81/m Del Dänen... (дв... .)(айв...)}(аһв...)...1а ᾿ (1) 
Moreau (Lucas, 1891) gives a difference equation for a(n) equivalent to, 
(n —2)a(n) = n(n—2)a(n —1) + na(n —2) — 4{-- 1)», (2) 


and then caleulates a(n) tor n < 20. 
^. Recently, however, more explicit formule have been obtained for a(n), Touchard 
(1984) expresses a(n) in terms of definite integrals, and Behóbe (1949) shows that 


a(n +1) = 2(- ee, PEDD w$- oft Ju (8) 
where hy із Whitworth’s ‘‘sud-factorial’’ k or ` 
` h = k! Ὁ (—1у[(1). 
s γα 
Sehóbe also establishes that . 
a(n)[nl ~ 1/e (4) 


Very recently, Kaplansky (1945) by an interesting BEES of Cayley and Sylvester's ` 
principle of ‘‘cross-classification’’ showed that 


nal 


atn) = xe cim λα ως pos (5) 
τ-Ὁ 
It is intended here to establish an asymptotic series for a(n), assuming (2) and (4). 
I 
To investigate a priticular solution of the difference equation (2), І set 
a(n) = 2 on, 


Assuming convergence for all n > n,, and find 
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6,Ξ0, c, = e, = c; = o, = Og = cp = 0, 
€, = 4(— 1)", οι —5c, Ce = 81e, Ca = — 12503, Cı = —l'/00c,, ete. 
Hence {һе particuiar golution runs 


wé . Y T 
icy [2 _ 5 „81 125 1709 resp EN 


n? nt n? n? n? 





Next, I seek a solution of the homogeneous equation 


(н 2)а(п) -n(n — 2)a(n —1)—na(n—2) = Ὁ (6) 
such that ' А ` ° А 
. . a(n)[(n 1) ~ CT, i T 2a l 

Writing i Sech e EE end 


Е a(n) = M * Σαμ] | Ke | I f 2 urs 
5 т=1 ü E : 


in (6) and assuming tho infinite series {о converge for n > n,; I find 


1! d, =—], 61 d, — 1501, | ex 11 
21 ἆ, ----ᾱ, 7! d, = —81854, Ἢ ` 
81 d, = 2, 81 d, =—1451967, - 

‚ 41 d, = 87, 91 d, = —89284461, 


51 d,.= 829, 101 d, = —787652869, eto. 
Hence the asymptotic value of a(n) is given by ; 2003 





SEL E 
= alle" ge "ge + mist 12095 T Πάσης 


— 15077 _ 1451967 39284461 _ 787652869 ^ | J 
2520n7  40820n*  862880n* 862880011 


ΡΕ - 54 Be | (7) 


ni 





1 believe that for large values of n, the above piovides a more explicit solution of the 
' “problème des ménages” than any previously given. 


А п 


As Lucas 1891 remarks, a(n) is the number of permutations οἱ 1, 2, . .-. п discordant 
with each of the two permutations 
1,2.8,4,...(n-1), n 
23,8,4,5,... nm, 1, 
If the two lines be replaced by any two discordant permutations of 1, 2,... м, we get 
the problem of completing the third line in а three-deep Latin rectangle, of which the 


first two lines are fixed. The asymptotic number of solutions in this case was recently 
found by Erdós and Kaplansky (1946) to be . x 
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E 1 i 25 : 
P li wi 
but the series has been extended by me (1947) as follows: т SR 


SIE Дол 1" 4 : 629 6961 ES 19188 
n 22 Bn? οι 190% πουν 9520" 








_ 088399 _ 188005258 _ 6482111809  ,.. | 7, ] 
.  .18440m* 80288083 362880017 


It 15 instructive to compare this last result with (7). The two asymptotic expansions. 
are identical as far as the fourth term, but differ from the fifth term onwaids. This 
throws interesting light on some conjectures of Erdös and Kaplansky about the 
asymptotic number of the general n by k Latin rectangle. I hope to examine the 
1mplieations in a subsequent paper. | EE" 


PRESIDENCY COLLRCR, 
CALCUTTA 
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d INTRODUOTION 


The .general problem of investigating the condition that an* n-agon inscribed in a 
given conic 8 should cireumseribe any other given сопіс 8 has in some form or the other 
received the attention of a galaxy of, prominent mathematicians including Euler, 
Stemer [16] and Cayley [1], [2], [8]. The general porisms in terms'of the invariants 
and covariants of S and 8 rapidly become unmanageable und do not appear to have 
claimed any great sustained interest. It is otherwise when S and 8 are considered 
to be respectively reduced to homographically equivalent circles of radii E and т. with 
centres а, distance d apart. Weill [18], Titchmarsh [17], Rosanes and Pasch [15]; > 
Cbaundy [5], [6] and numerous others have delved by such methods into the secrets 
of a circle-pair, but the palm appears io me to have been carried away by Chaundy, 
who in his two papers has veritably unearthed a priceless treasure. 

In his first paper, Chaundy shows that the рогівт of a 2n-agon, when purged of all - 
χο]οναπυ factors, splits into two factors, one simplicity itself in comparision with the 
‘other. In conformity with Chaundy’s nomenclature and subsequent notation, the 
bulkier factor will be said to correspond to the porism of the ‘‘inseparable’’ case and will 
be denoted by K(2n). Of the more docile factor, corresponding to the ‘‘separable’’ case, ° 
there always happen to be two forms. If 2n = 9". (От +1), these two conditions can 
be associated with the two forms for the рогів of a (2m+1)-agon, and in conformity 
with what follows, these will respectively be denoted by C,(2n) and C,(2n), or simply by 
C(2n) when either may be implied. When all redundant factors have been fenioved, 
tive "lorms occur of а porism of a (2n+1)-agon, one corresponding to the case when 8 is 
ihe ex-circle and the other to the case when s is the in-circle. These will be denoted 
respectively by C,(2n+1) and C,(2n+1), the suffix being dropped when either may be 
implied. Chaundy proves that to derive C(4n+2) from O(2n--1), an interchange of ` 
R and d.suffices. Using elliptic functions throughout and converting odd, poriems into 
even by interchanging E and d, he exhibits in their smartest attire the following porisms: 
C(8), C(4), O(5), O(6), C(7), C(8), CQ), O(10), C(12), 0(14), C(16), C(18) and C(20)._ 
C(15) and C(30) which also occur are in company of one inferior porism each. This is a 
weakness to which the great Steiner also succumbed when he held up his C(5) for 
display, and the error has been pointed out by Chaundy. In fairness, however, to 
Chaundy, it must be pointed out that the errors in C(15) and C(80) have been rectified - 
in the second paper, where he gives in much less explicit forms C(15), C(21), C(88) and 
C(85). The irrational representatives of these have not been given in terms of R, + and · 
d— what wes Chaundy '8 objective in the first paper, 
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Towards the end of his work, Chaundy obthins C(11), C(22), K(22) and C(44). 
Ail these expressions are erroneous, as will be shown subsequently, Chaundy concludes, 
his work with the remark: “I havo calculated K(44), but it is unprintable." However, 
as K(44) could only have been caleulatdd from C(11) as a starting-point, the same remark 
upplies to it us to σαι]. Chaundy also claims to have scored a century by evaluating 
C(112). But he complains that the task was a heart-rending one and the final result 
unprintable. 

The purpose of the present investigation is to establish as many porisms as possible 
in а systematic manner without any use of elliptic functions and by the comparatively 
elementary methods of the theory of a two-two correspondence. The total number of 
porisms that can be simply and elegantly derived by these methods transcends the 
wildest hopes with which I set out upon the task. Many of the results given here, 
I believe, go far beyond the total ground covered by all the previous writers on the 
“subject. A variety of methods have been developed by the previous writers, bul these 
suffered from the defect that while some yielded the poriems in irrational forms, others 
yielded them in their rational forms, and the task of transforming the one form into 
the other was in general a heart-breaking one. The result has been that mathematicians 
have regarded some one form with greater favour than the other. Chaundy, for example, 
is all for the irrational form, and he does not appear to be too pleased with the rational 
porism of an enneagon obtained by Richelot [14]. This defect may now be considered 
to be removed by the present paper, as the passage from one form to the other may be , 
effected with the same ease with which one may swilch on or off an electric light. 
Another feature, which I believe deserves mention, is the discovery by tentative methods - 
of the general replicating law in its explicit form. Chaundy sets up explicit machinery 
for duplication alone, but the general approach lies concealed in the formulae for 
inseparable cases alone, and as Chaundy hardly displays any great interest in these 
particular cases, he appears to have missed this treasure. . 

Tt wil be found, however, that elliptic functions do occur towards the end of the 
paper. But it must be mentioned that they have nothing to do with the main purpose 
of the paper, and the idea in bringing them in is only to give a completeness to the whole 
theory, which it would otherwise lack. I must confess, however, ‘that Iam deeply 
indebted for many of the ideas to the works of Weill [18], Clifford [6], [7], [8], 
Darboux [9], [10] and Titchmarsh [17] on the theory of a lwo-two correspondence, 
with which the problem is inextricably bound. But my sincerest thanks reach out to 
Chaundy whose two papers stood out as guiding stars, whenever I was aboul to despair. 


1 


As already mentioned, R will dsnote the radius of the circum circle S, 1 the radius 
of the in-or ex-circle 8 and d the distance separating thei centres. Let 
2u? = R—d+r, w°? = R+d+r, w= R 


and 
а = R+d, b^ = R-d, cis 
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If the chord joining the points АЕ cos ñ; R sin 0; and A;,,(R cos bis R sin 0;,,) on 
the circle S = z*4y*—R?-0 touches the circle s = (e—d)*+y?—7? = 0, we must _ 
have 
R vos 4(0;,,— 0) — d cos 3(0;,, + 0) = +7, | 

the sign to be taken positive if s be the in-circle, negative otherwise. In what follows, . 
we shall choose the positive sign throughout and write —r for r or —c for с to derive 
C,(n) from C,(n) or vice versa. On writing t, = Lan {0;, the condition of contact may be 
rewritten ав ` or gt 

(et baa)? ποσα» titi) T ш?(1 + tity, 1)". А А (1.1) 


This is the quadratie involution connecting the points Αν Ai. Assuming the poristic 
nature of the problem, no loss of generality occurs by setting 0, = 0, giving i, = 0 and 
tiu? = w*—v*. Choosing the positive sign for ἐ,, we may derive from ib two values for 
- tg, one of which will be t. ‘Rejecting the latter value, we get a unique value for t.. 
If now the values of ta, ἐν, ta . . . ty be unique the quadratic involution will determine 
two values for fr, one of which will be tz.,. Rejecting the latter value, έχει is uniquely 
determined. This establishes the induction, leading to unique values for pach, of 
la tis Lan... ty for all integral values of i. 


The condition that Az, Αι should touch 8 18 ТВЕН оу 
u*(t, F Gay * v'(1 SE 1)? = w?(1 + tbim) (1.2) 

From (1.1) and (1.9) it follows that 
g —wtvitw? Q2 





tirit t = u? ESA (1.51) a 
and 2—12 
$ ` tiriti- = i-i (1.82) 
so that turtta Een oh _ (1 88) 
L tisi timi uino tw 1—12 
If we now elminate t; between (1.1) and (1.2), we obtain 
Atiy d) + δ3{1-- ἐν. NEEN tirti)’. (1.4) 


From the similarity of (1.1) and (1.4), ıt follows that replacing u, v, w by a, b, c in the 
three equations (1.8) would lead to - 





-a+b te 9 
> taa t ling = cw 1 ETE, (1.51) 
boto = ДЇ. (1.52) 
I "as і-2 = 1— tt. Ы : 
and Каж. 3 tre, (1.58) 





T- tirati- 1—t a?—b*+¢?- 
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From а comparison of (1.1) and (1.4), 16 follows further that to convert t; into ta, any one 
of the following equivalent transformations would suffice : 


u* > a?, " 02 — ὃ», ETE ; 

w*—(—wu rv), - v* — (us 02 +03), w? — (и? +202 —w*)7* ; 
a — (— at +b? +02)", b > (a3 — b? c?)-1, c — (a3 b*—c*)7; 
R> οἳ, т (a? +b? — e2), d — (03 —a?). 


This is Lhe general duplicating transformation which we denote by Ta. If Т, operates on 
any homogeneous function of a, b, c of degree i, it is converted into another homogencous 
function of a, b, c of degree 4i. The form м? — а?, v?->b*% w?-—> οἳ, however, requires 
care in operation. If the porism on which it operates is a rational function of u*, ei, ш", 
duplication is effected without fail. But if the porism is in its simplest irrational form, 
which 1s the form preferred by Chaundy, duplication does not always take place on 
applying the transformation. Four vases may be distinguished : 

T, = u — a, vb, wc 

Т =u>-a, vob, ш э с 

Т" = и — a, v- —b, wc 

Τι = u — a, vb, ш -» --ο. 
In practice, it 18 readily found that T, only rationalizes the porism und does nbthing else ; 
Т, rationalizes, interchanges R and d and converts r into —r; T! rationalizes and 
interchanges R and d; and finally that T,” rationalizes and changes r Шо —7. These 
transformations will piove their worth in the subsequent discussion. 


Repeating on (1.4) the operation by which (9.4) was derived [rom (1.1) and Б merely 
using T,, we obtain 


(=a +b? + ο) tira + ty)? + (αἳ — δ3 + 07) 5(] — NC, = (a° + b*—c2) (L+ bratia)? a .6) 
from whieh follows 








| =] 258. {(—а°+5Ь%+с?)#—16Ь%65%(° — a?) (e? -- αἲ)} 
быны = 1T рта 5—08 (1.71) 
tt? π 
ha = rats (1.72) 


and liatta (а +62 + 022 — 16009062 —a*)(c*—a*) Oty 


l~ ἐς, (a3 — b? + c3)* —16c*a*(a* — 03) (οἳ — b?) EES I— t (1.78) 


It follows that the transformation which converts t, into f£, is T, T, or 1,2 or T, 
equivalent to 
а — (—8a* + δὲ + οἳ — 2020 + 2с%а# + 2439351, ete. 
We next seek to eliminate t,,, between ; 
d š u tit tis)" +01- titi1)? = UL + tt) 
ana. Ў 
a (to, 5 ἔργα) D(L- t,t, = ee atus 
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reaching (after wading through а mass of algebra) the objective in the form . 


σον tesa)? + ent = titira) T WL + Le, a P) {20+ +0) tea). | f . | z ; 


( —а+ё+оў i 


Т +а)(1— titira)? _ oa +b) a. + titira)? 
ж. I ' (a—b +c)? (ab τ- ο): 


Lt? 
av ж К 


‘As the first 1aclor oui imply a retracing in the path A, Αι A4... , мө reject it. The 
‘required eliminant may be written ав 


a(b +ce)(t + tisa)? " b(c +а)(1— titia)? — e(a +b)( + E 


(ажо) "ke. (a b —cji Se 





It follows that the triplicating transformation 2, eonverting t, into t,, is given by 
апу ‘one of the following equivalent forms : 


2 u? a(b + ο) 


ME πάς 3 
" ^ (ax GES E (—a-b- cy" 


ete., Е 


а э a(—3a* + b* + c* 923 +243 + 2α103)”1, etc 
Prom the involution (1.8), 16 foilows Seier = 


—a(b+o) ` `b(e+a) ` SE 
C at+b+c)* ía— oe eee 21; 
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Ten ee atb c EN A PD 
Wien, ш (—a-+ b+ с)? 
D ` 132—1 з : 
| | La, ta = EE ru ‘ (1.92) 
ο. —a(b+c) - b(o-ra) c(a + b) 
and tati. 26 Carbo а-о (abo, ... (1:98) 
1-ἑ un 1-42  abac) δ(ο +a) с(а+ b) | 


(=at+b+o)? (@—b+e)** che 
The transformation T, 18 given by T, T, or T, Т, and implies 


а? 
ЭТ нь EE 





The transformations Τε, Ty, Т, ete. will be obtained by a different method „а the 
subsequent work. | | . | y 


` 


H 
SE 


2 SC bg 
_ We have already established ) quadratic involutions connecting to. kG; to taa; 
Ki Ны; ; ty t Let us виррове that further quadratio involutions have been established 
onnesting to as; ἐφ fees -itp tr. Now r may either be oÍ the form 2s or of 
the form 98+1. 1 r= 28, the involution optinecting ἐν tir sould he directly . -dedirced 
ὅ-1643Ρ--9 
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ч operating with T, оп the involution connecting ἐμ, Кы. Ifr=2s +1, we-may elimindte 
Le between the two involutions connecting respectively t, Néi and Les Ki and reject 
the retrogressing factor: ᾿ E "uj 


u A(t, + tess)? + »a — Le ++)? -- w*(1 TÉ ly. А 
{ \ 


Hence is obtained the involution connecting ti, tir, The induction is thus completed 
and we have proved the existence (for all values of r) of a quadratic ΠΠ of the orm 


ap (tit tiyr)? t b o(1— tage)? = oL i hu. uo dod. D 
It follows that . А . 
GEN aie 2—13 


== i-t? #3 . a (2.2) 


ta . p Ke 


т 


for all values of i and r, provided we agree shat t, = —t, аай fiat и? ә а? , vobs, 
— E Ј DN) 
w? — c,? defines the general replicating transformation Tp. 


- 


8 
From the initial assumption 6,=0, it follows that if an n-agon ba inscribed in H and 
circumscribed abouts, the n-agon will lie symmetrically about the line joining the centres 
of the two circles. - 
` ` Tfn=2m, then ôm would bs an odd Gorete of z and hence з= +1. Since the 
polygon in this case is a genuine one, the medial diagonals must concur at a finite point 
ane hence the porism given by tm?=1 can only be the porism corresponding ta, the 
** inseparable ” case. Hence K(2m) is simply given by ty?=1. . :.- ; 
To obtain the porism of (2m + 1)-ароп, we need only remember that Om, Om+ı 
-must respectively be of the forms (2r--1)r—« and (27+ 1)т+ х. 16 [oliows that the 
porism C4(2m + 1) ів given by tm Bal, But from (2.2), τ | бз 


bae 


E Bug 
KP? Etiam 


Rad | n SEN 


where the denominator vanishes but the numerator does not as thp = tà, would imply « 
to be a multiple of ὅπ, which is out of question. As tr ів finite, it follows that 
Laun = co must also lead to the same porism. i 
ы We could also deduce the porism from the general EE inj ἔπει = 1. In 
each individual case, it will have to be decided which of these various conditions would 
lead to the porism most rapidly. But when (2т +1) is prime, the simplest method is to 
Sek Le Lea: = 1. When (2m + 1) is composite, the problem must become troublesome, ав 
irrelevant factors are bound to enter into the porism and have to be removed at the cost 
“of great labour, before the relevant porism is ready for exhibition. 

τω Another point in this connection may also be mentioned. The porism Кав obtained 
“relates to the in-circle, The porism C,(2m+1) corresponding to ὑπο. ex-circle is rapidly 
"dedüced by changing ο into —¢ in C;(2m +1), 


etis КТЕ 


` ` 
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We next come to. the poxisnr of: a (4m + 2)- -agon for.the ‘‘separable?’ case, -The 
relevant condition can be deduced by considering only óne half of the polygon, wich. lies 
symmetrically with. “respect to the common ‘diameter. The situation ‘in view can GE 
arise if Ba = 64, and consequently the polygoh hás tobe retraced to the staiting: point; and 
then to be continued on the other side of the bounding line. This. implies, that Luss IY 
is the condition for the porism of a ''separsble"' case. This gives Ginz 2). _The 
condition С,(4т + 2) may be deduced from 0,(4m+2) by merely changing the sign ‘ofc, 
The transformation T, can rapidly build up all porisms of the type C(2 Bm +1). ` “Ths 
only case that would not be covered by the argument would be tha. eade C(27), but 7, 
suppues all the relevant porisms-if only- Ui. be known. To obtain C(4) it ; 18 only 
necessary _ ty obeerve that A, в one of the common points of s and 8, and this can 1 only 
date if R= 4. The condition R=d=0 wil ‘be known as C,(4) and the condition 
R+d=0 as C,(4) although in this particular case the change of sign of ο to convert thb 
one form into the other becomes meaningless. ' ` б, ко ашылу, M 


The various formule Geer tlie Р 8 have been used to E the Valties “of t 
up to and including i=16. To condense the formal, ‘the following abbreviations ye 
been used: ας. ` en Eë e Etage Eh 

e= a+b+o, Lë eer Ñ 

в = -а+Ъ+0, | | - ol 


в = a-b+co, - ы E [ey 
64,2 at+b—c; c xj 
Byz 24 


= a? +b +o, Zo i 
Е. = αἲ-- 01--οἳ, το | à : : 
Е, = еа. š C = 
Ίεξ @H,+bH,+cH,+2abe ee 
fı =—aB + 98, -- сЕ, --Δαῦο 
hs aE,—bE, t cE,—2abc | i 
f= aB, +bE,-cE,—2abo : | - 
F, = — Bat + btt ο΄ —2b7¢? + 224 +92a2b2 = — Ε.Π, + E,E, + ΒΒ 
F = a*—8b4 +04 +2b%c?—Qc%a? +207)? = Б„Е,—Е,Е,+Е,Е, 
Е, = a'+b4—8c4+2b%c?42c%a?—2a*b? = Е,Е,+Е,Е,-Е,Е, 
E, = —a*—b* -- οἳ +90302 + 2c2a2 +2a2b2 Е,Е,+Е,8,+Е,Е, = 6,616.63 
g, = PER 2abE, E, +2bcH,B, +2caB,E, 

д. = E,E,E,—2abE,B,+2bcE,E,—2caE,E, 

д. = E,E,E,—9abE,E,—9bcE,E, 42caE,E, 
g=  HE,E,H,-2abE,E,—2bcE,E,—2caE,E, 


Ш. 
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G, = -EP E, + EE ++ Б, = (a? +b? o2)! — 100*0*(b πο ον 


dm. BSB, - ESE? + ЕРЕ; = (а#—Ъ° + оу 160%" (* — Бэ)(а*— b) E PA 
G,= EjESSEJE)-BSE.z (a ebe Ya? — o )(b2— о?) Kd take 
Ae oF ,F,+bF,F,+0F,F, μι ong bay M 
hı = —aF,P,+bF,P,+ oF,P, ` ME |“. 
ke aF,F,-bPF,F, +оР,Е, - | CNN. ο. ΠΕ 


h = aF,F, + DPF, oF |F, 


H,2-G,E,E,4 G,E,E,4 G,E,E, дазва зь ув, -Р{—Р„Е,+ РЁ, ο 
2 6,8,8, — G,E,B, & G,E,E, -2EPE, E = bF FF,- FAF,F,—P,F ERE: 
H,= GE, G,E,E,- GE E,- 2E EE, = 1[Е,Р,Р,—Р,(Р,Р, + РР EE. : 
H,= GQEQRG,EEQEGQEE,-29ESESES = ZE, 2000027 2108 бо 
i= Р,(аЕ,Р,Е, +ЪЕ,Р,Е, + cE,F,F,)  2abcP,F,F, 
i,@ Р,(-0Е., Е.Р, -ЪЕ,Е,Р, +сЕ,Р,Е,) —2aboF,F,F, 
oim FE, -bB,F,P, + cE,F,F.) —2aboP,P,P, 


δι M 
i= ^ FQ(aE,P,F,t0E,F,F, cE,F,F,) -2abcF,F,P, iur d d 
l= ТР, =-G,G,+G,G,+G,G, πα. 
L= T,F,z б„б,-б,б,+б,б, > | 
L= ТЕ, = G,G,+G,G,—G,G, ` 
L= F= PFP,P,F,B, . DEC dA 
jm F(aG,F,F,+bG,.F P. 4 cG,F,F,)- 4aboE,E,E,F,F,F, 


js PQ(-aG,F,F,4bG,F,F, 4 cG,F,F,) —AaboE,E,E,F,F,F, ` 
= P(aG,P,F,—bG,F,F,--cG,P,F,) —4abcE,E,E,F,F,F, 
jm PF,(aG,P,F,+bG,P,F,—cG,P,P -4AaboE,E,E;F,FjF, - 


J, = -9E,E,E,(— E,G,G,  E,G,G, + E,G,G,) + G,G,8, 

J, s -9E,E,E,(E,G,G, — E,G,G, + E,G,G,) +G GG, 

J, = -2E,B,E,(E,G,G, + E,G,G,— EGG) + G,G,G, 

J,= 9E,E,E,(E,G,G, E,G,G,-- E,G а, G,G, = -gigi К 

k= F,F,F,e, вува -25 EEJ κ к 

k, = F,P,P,0,0,0,f fA, — 2E E,E,g.g.7, J τ | = 

ky = -F\P,P,6,6,6sfofsf1-2HE Bä ` ра NE i Е 55 
km o PEQMes.s AT BEQESASQS — C ns 
E, 2 GG 6262+, αρ υπ ο 
K,= @/6,°-G,°G,7+G6G62 Cue A aS WE ge © zou 
K,= GG, GyG3 —GjG,. І EUM. E uou See 7 


'PONCELET PORISMUIN TWO CIRCLES CH 











The #'в may now be written as SS dE EM LEE 
= SE 
πμ. zÄ ez: ας 
t zt t m 2081 4 - 
"s. e 6263 = τα 
'E КЕ 
Ё = а 1t t. = --15]1 1 
E B. * ELE E d 
F,F : ОТТИН 
Ё, = l3 Е И ποστ С, 
ОЧНИ e , 
+ 1 4!8E,QEQEG. ++ + гу, 69€, hoh;, . 
Td Oma πμ. I 
| i Ces — Н.Н; + Е i = İh i a Se Ὦ7 ο 
= 10 ΒΗ, d Е _ 11 i.i, _ 
+ ы Bate e 6,0 EP FFI; 7 - 
t лы = 0616103 SÉ Ф 
RT TELS E,E,LI, | 
; =— İf: = J.J, 
tis R t, ta Ss t; 
th, σσ 
Së k, sl KK; 


The porisms , Ee ‘by methods sketched above’ must all ocour in their 
rationalized forms. To obtain Chaundy's irrational forms, we must apply the inverse 
transformation of T, and denote it by T,7. This obviously implies š 


а-и, bov, cw 


It would accordingly be worth while to work out in terms of R, r, d the results 
operating with Το on some of the functions defined above. Once these have been 
calculated, we eouid | almost instantaneously | pass on from rational to irrational forms cr 
vice versa, Bemembering that 

2u? = R—d+r, 9v* = Eder, и? = 2R, 
` it follows that: | 


pelea al. 7 S; us T 
SE CZ TR enner Bird 


p 


St ш І- 


TE, = и-и? = R—d = 
a1? p ΠῚ š ee ae E 
TB, = οἱ ο... 


S 


Sr 


TP, 


ΤΕ, 


T, Εν 


T, 1G, = (R*—d?)?+4r°Rd = E,(abc)? 
= (R?-d?)?— 

TOG, = 2r (R* + 
° TH, = (8? – 


TF, 


n 
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Β-- d°+9rd = L а ароз 
r abc Е ον эй. e aU ἘΠ 1 МЇ 
tes ` 
bare 
Β5-- d?9rd = „бз. 
abo 


d _R'+3Rr = L d E 


zs 
abc 


αγά = Edel? 


d?) - (R^ - d) = B,(abo)"* 
d®)(R? — d* + 2rd) — (83 -- d! – 8 R*d. = f (abc)? 


ΤΗ͂Ι = 2rd(R? — d*d* — R° + 2rd) — (R° —d*)* A 8i? R^d = f. (abc)? 


Т?Н, = 2Rr(R*— 


— deih — d3 -9Fa) + (R3 — d3 8^ Rd? = Label 


T, H, = 9ΒΙ(Β1 - ἆἲ)(81-- rand: — (Ur – PF — G^ Rd* = f (abc)? 
= F,(abo)~* : 

Tl, = F (abe) + 
ΤΙ]. = Fy(aboj* 


TM, 


To M, 


o(abo)~* 


T,7J, = g,(abe)~° 
` Tod, = Globe"? 


Т.Ј, = gs(abc)7* 


TJ, = g.(abo)"* 
T, K, = G,(abe)-* 


inr, ТК, = Gabe)? 
CDS TU ÉE, = Gabe) 
к e ο WT =í(R: — 4°)? 


WI 


— Gelz A 038-1678" – аз) (Н As det Art, C 


" = 


B ` | E 


- We are now fully equipped to proceed to the calculation of a number ôf porisms. 


0,(8) is given by 


tt, 1 or at+tb=c or (Red)? -(E—-d)? = rm: 


On applying T,7', we get Chaundy’s irrational form 


ν(Β- 


d+1)¥¥(R+d+r) = JR) 
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On vhangitig the sign οἳ ο, we obtain” C,(8) in the form Pg. Sh on э 
e an. A abro = 0 OF ó = 0 or EE E EL: = 0. 
gg given by | di І 
Б = ἐς or —a+b+e=0 or ё, = 0 
and, therefore, 0,6) by i | 
sayas alo dee a—b+c=0 or 6,=0. R 
We have already seen that C,(4) i is given by R = d and C,(4) by R+d=0. К(4) is given 
by i —1 or αἲ Γὐλ-- οὗ or H,=0, C,(8) is given by, T, on R+d = 0 leading tc 
` E, = 0 and hence C,(8) = E, = Ὁ ` E d š 


` G,(5) is`given by t,t, = 1 which leads to f, = 0 
Hence 


C (5) = fo = 0, C,(10) =f, = 0, - C,(10) =f,=0 
Also ` 


Py fo = uw? +? + w?) + olu? — 0? + w?) + w(u* + 28 w?) -2uvw = 0 
which ів Chaundy,’s irrational form for O,(5), viz., ~ 


er 


RON m Z 42uvw = 0 
/ b 


The various ways of writing f, — 0 aro. ` 
(a+b)(b+e)(c+a) = a? - b^ οἳ, 
(a+b + c)? = 4(а + 55 + c’), 


(—a+b+o)(a—b+e)a+b—o)+4abe = 0, 


a(—a?+ b? + c?) + b(a?—b? -ε οἳ) + c(a? + b* — οἳ) + 2abe = 0, 
' н e+e te, 6,7 = 0, ev. 


K(6) is given by T, on C,(8) or T, on e, or Р, = 0. Т, оп C,(8) gives 6,6,636, which 
gives nothing new. К(6) may also be written 


E+E, = Еу 


6119) is given by T, on C,(6) or Е, = 0. С,(12) is accordingly F, = 0. C.(7) is given by 
t,t, = 1 givingg, = 0. Hence 

σι) =9,=0, C,(14)=9,=0 and C,(14) = g, = 0. 
Tig, = 0 gives = 


e 


σ 1 
= = = () 
u v w δν ` 
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which is Chaundy's irrational representative and which excites admiration when, compared 
with the corresponding representative for a pentagon. It follows that the porism for a 
heptagon can be exhibited in each of the six rational forms corresponding to tho віх pee 
given above for a pentagon. . А š * 


K(8) is given by Т, on К(4) or 0, = 0 or BE, = EQ. 
С,(16) ів given by T,'on C;(B) or 0; = 0 or E, E, = Be" 


and V ë , Ё 
i Cep α(10}15 given'by T, on Ο.(8)οτ. 0, = 0 or E SURE =H? f 

f C,(9) may be derived from Т, on O) ог h, = 0... i e Ee 

Hence | 

0,09) =-h, = 0, C,(18) = h, = 0, -and ага = h,= 0 E 

h, may also be exhibited in the form . | ү 
: LÀ 
a b c " . | Md D Wot ey { 

ῃ 7 | - F P F, = 0, ΠΣ - 


which is changed by 7,7 into Chaundy’s irrational representative, vis., 


V (R— d 7) - ΜΕ der). : МВ) =Q 
әз – 42 +908 = R?—d?—Ard ` d?—R*+2Rr 


K(10) may best be obtained by T, on f, = 0 which tms into | CU 
а G 
Н, = = 3 = 
3=0 or A Gs BaD, 0. 
Accordingly, 
‘0,20)=H,=0,  C,00 = Н, = 0. 


T, on }„=0 gives Н,=0 or fofsfafs=0 which is nothing new. 
We come next to the undecagon, which is given by tste=1 or f,f,e,6s6s Pei 
= af.fsP,F,. This may be rewritten in the form i,=0 or 


ЬЕ, _ сЕ, _ 3αῦο 
SS ОРУ. Е, 











Hence C,(11)si,=0 or 


ak ЬЕ, ep, "eng, 


H 
H 








: . ow t — + + = 0. 
DERE E RSCR OE P 
-ε 
On applying Τα”. we obtain the irrational representative 
' λος . να DB ER 2uvw — 0, 
GE С лш =s ae, ‘be, ce, e ` 


or more explicitly A RUE Y | Kos 


(R+d)V(R+r-<4). (R— xr (R- red); rJ (GR) LWBRQ Er d(R*r-d) _ o 
EECH 24-908 ECH Ri- FR 6 c^ 





This may be compared with Chaunily’s_ result. ‚16 is obvious that Chaundy's result 
contains’ two errors. In the denominators of the first two terms of the porism as 


` 


Я ` 
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exhibited above; Chaundy’s porism contains +2Rd and —2Rd, whereas, these ought to be 
+2rd and —2rd respectively. With this modification, Chaundy’s result tallies. completely. 
with the one given here. That these represent actual errors in calculation and not ` 
merely misprints follows from. an inspection of C(22), K(22) and C(44), all of which are 
tainted by the same two errors in C(11). Consequently, Chaundy’s K(44)—-which he 
considers unprintable—must contain the same errors, as also every other porism deduced. 
hy him from C(11). 

' It follows that C,(22)=i,=0 and C,(22)=i,=0. І exhibit 0,02) i in its И Т 
form во that comparison may be made with.Chaundy's result 


(Rd) (d4r— В) , (à— Dri B, ` ry (2d) - Biene Bd er- Bj). 
P-R ΩΤ κ P-R-AR "E: d.d і d* — В? + 2dr 
The correct forms of C(11) and C(22), both rational and itralionai, appehr, I believe for 
the first time in this paper. 
The majority of the porisms which follow are believed to have been given here for the 
first time in théir explicit forms. We proceed further. K(12) would result from T, 
on K(6) or 








Т.Р, =0 or L =0 or ἄι ας = DA, c. UN 
Hence ime ; 

C,(24) 281, = 0 and C,(24) = I, = 0. 
The porism of a 18-agon is furnished by t,t, = 1 leading to. , 


(b-c)F,F,g,g, = ag,g,F,F, or } = 9, 


Hence . І 
0,03) = ј, = 0, С,(26) = ј, = 0 and C,(26) = j, = 0 
] = 0 may-also be written ав пх 4 ú E _. 
в@, ү bG, oQ, 4uboH,E, E, -0 
TIO m RI e 
On applying the uratienalizing transformation, this becomes , 
uB, ef, | 8E, vE, Viu übe "n s N 
e, 6 в, е, š 


or more explicitly 
{(В*#— E : Ar? Rd] y (R —d +r) + ау sss vU td $ a 





-d 9rd Pr ᾱξ -- rd 
EE ЗЛЕ +d+r)}27(R*— d) _ 
4- R F 2E -d*rüHr 


. We next attack the 14-agon. K(14) wil be given either j =1 or r ir on e 40 
or by 19.0 or J,=0. Accordingly 
р C,(28)=J,=0 and C,(28) = J, = 0 
К(14) may be exhibited in the form α : * 
Е μπι... 


` G, ΓΝ = SE,E,E, RR. 
GË 


` 
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The hurdle provided by а 15-agon is more troublesome. Chaundy just clears it, though 
not ioo gracefully, in the second attempt. ‘The source of trouble springs from the two 
degenerate relatives, the triangle and the pentagon, who manage to creep in singly or 
together; no matter how we attack the problem. If we set t,t,=1, the triangle and Ше 
pentagon -both creep in along with the 15-agon; if we set t,t,,=1, the triangle alone is 
present and if we set t,t,=1, the- pentagon keeps'company with the 15-agon. If we 
apply T, on С,, the pentagon is present and even if we knew the transformation Τε, T, on 
Ü, would bring in the undesirable triangle. ` One might have been tempted to give up the 
15-agon as hopeless and to run away from the heavy algebra which blocks the way. But 
Chaundy’s result gives rise to a bope that the algebra would simplity tremendously, if 
gracefully performed, and so we gather courage and proceed. 

We set tst,,=1, which may be considered to result out of Т, op n Ё, ty SÉ? The 
result simplifies to : 

| aH,H, = (ьо)? Hy, 

which шау be rewritten ав 
i aH,H, t bH,H,--oH,H, = 0 Е 
The symmetric porism must, therefore, run 


oH,H,+bH,H, +cH,H, = 0, 


a symmetric expression of degree 25 in a, b, с; the redundant factor a-- b +о still remains 
to be weeded out. Before wš plunge into the algebra, we note that 


ar B νο 
HH, H, - 0, - i | 
could also have resulted oul of T, on a +b +o=0, and accordingly T, must be given by 
a b oe | 
a> H^ b+ ἘΞ EE H; 


We have here stumbled across а gem, which we were not looking for. Besides 
providing us with а tool far more powerful than T,, 1 gives us a clue to the general law of 
replicating p times when p is & prime exceeding 2. We have only to note that T, implies 
e > c/K(6) and that T, involves c — с/К(10) to conjecture that in general Τρ should 

‘involve ¢>c/K(2p). We shall have occasion later on to test this бодува ше for p", 
when we come to С (21). 
On trying to remove the factor a+ b+ c, we find 


'aH,H,--bH, H, +еН,Н, = (a+b *c)(e,f,F,e;f,F esf P ; 2E,g,E,g,E,94) . 
Hence C,(15) is given by ka=0. Also C,(16) = k,=0, С,(80) = k, = 0, 6.96) = k, = 0. 
Now ` и Ç 
Y ko = e,0,0;f f f,F,F,P,—29g,g,g, E, E,E, N 


G,G,G, -2Sab(F,F,F,G, E, + Ё,+ H,E, ἅτ + G;) DC 


al 


G,4,G,—4 3 ab(c°F,F,F,@, + H,E,E,7E,"). 
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Hence C,(15) is given by 
G,G4G, = 4abcF ,F,P,(aG,+bG,+cG,)+4H,E,E,(abE,E,H, + bcE,E,H,- caE,E,H,) 
Operating with T," leads to the irrational representative 


E,E,E af, b 
Eo = 6,0,05(uE, + vE, wE,) +2 + th + chs 


K(16) = T,K(8) = T,G, = E, = Ον 
or 


' G+ 4,7 = G. 
Hence у 1 


0,82) = K,- 0 and C,(89) = K, = 0. 

The 17-agon yields the porism on setting Le =1. This gives 

C,(17) = 4a(c—b)ee,h h E,E,E,G, — 6,6, hh, G,G, = 0. 
Hence 

C,(17) = 4α(ο + b)e,e,h;h, E ,E,E,G, + €,6,h,h,G,G, = 0, 

C,(84) = 4а(с — b)e,e,h  h, E, EEG + 6,e,h,h,G,G, = 0, 
and 

C,(84) = 4a(c + b)e,6,h,h, HEB ,G,—6,6,h,h,G,G, = 0, 
T, on C,(9) gives K(18). Hence : 

' K08) =  (EiI)7 & (E,L)? (Esl) = 0, 


0,86) = (EL)? - (EL)? + (Bgl) = 0, 


and u 
6,86) = —(B,1,)”1+ (B,1) + (E,1,)”1 = 0. 
The next pojygon is the 19-agon. This 15 given by tatio = 1 lending to 

Gg = (b—c)e,6,h,h, P H, t ae,6, hh HH, = 0, . 

Hence К S 
С,(19) = (0 + c)e,e,h,h, H -- αθοθι hh H,H, = 0, 
0:58) = (b + c)ese, hh, P.H , aee hh HE, = 0, 

and ` 


C,(88) = (b —c)e,e, h,h, F,H, — ae,e, h; h, HH, = 0. 
T, on К(10) imphes Т, on Н, = 0. Hence | 


K(20) = Gta -g e, = 0, 
I 0,040) = GT Et BAGG = : 

‚ (40) = — Ёз + Ёз Κι _oG G,G, = 

0.(40) = ug qm о, 1223 0 


The 2l-agon proves to be ав troublesome as the 15-agon, and has to be attacked by 
similar methods. Š 
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T, on tat, = 1 gives dek = 1, 


which 'simplifies to 
` ad, A = 0 


ог 


This could have been deduced : oy applying Т, on a+ TE = 0 [ог a triangle. Hence T, 
is defined by 


. b ` c 
. =. bao e 
i J,' J,’ É μα. 


1 2 3 


which corroborates our conjecture regarding the general law of transformation for 
replicating a prime number of times. . 

Ав in the case of a 15-agon, the porism 18 tainted by the presence of an irrelevant 
factor a + b —c corresponding to a triangle. Now ` 


ad 4d, + bJ,J,+ cJ J, = (a +b + c)[ - 4E,E,E,G,G.,G;f.f.f,h, + Е.Р,Р,с,сс,919295]) 
Hence C,(21) is given by 
4E,E,B,G,G,G sf – е,62,Е,Р,Р,09393і, = 0 


.. €,(21) = 4B RRG... — ee e,P FoF 5909 al = 0, 
C (42) = 4E,E,E,G,G4G;f.f 6088F Pa 909 sis = 0, 














and 
C,,(42) = 4E ,E,E4,G,G,G.f ofaf sh, e,0,0; FP ,F,F,9,9,9,i, = 0. 
The next porism concerns в 22-agon: Т, oni, = 0 gives K(22) in the form 

: (di, GS _ Gy _ DEF, — 5 

. EL Bj, B, RP, 
Hence G,  G, , G,  2E,E,E І 

: ! (44) = Бо 2 dou 174273 + 

сше сте кее AL MERE 

and . 
0,(44) = — G, A G, + G, _ 2H,E,H, sch 








BI ΕΙ, E, PFFF, 
On setting titia = 1, we obtain C,(28) in the form 
‚ 2a(o — b)E,F,F P, FL, i, BEE, = 0 


from which , 
C,(28) = 2a(b - c)P,F,F,F,E,I,ii, + Ε.Β] ο] S, = 0, 


C,(46) = 9a(b—c)P,F,F,P,E,I, RBE = 0, 
NS C40) = - 2a + OP P P PUE, Tis ELE LIS, = 0. 
K(24) = T „К(12) = 1.1, = 0 giving 
K+K, 1-0,1 0 
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` "Hence : [ nomm D 
E "ORT 3 0148) = K,7— KK. 5.0 mg des m e 
and . = 


ts ver ER EE ЕЕ 
C (Q5) ів obtained by T, оп Οι) leading immediately to 
O,(25) = (eolo)! + (018) + (е5) M ul = 0. 
V О(25) = (ee)! — (0,7! - (sk)! + (63ks 0, 
S €,(50) = = (e, k a) – (е, Zu l+ (e4k,)7 i— (os y = 0, 
“and C,(50) = D 0) + (в, ky -\—(е, Эш "ee ss) m = 0. 51 ος 


We proceed no further; not because further progress has become more difficult, but 
because the porisms cannot present any new features of interest. The same forms are 
observed to repeat themselves. . To pursue the matter further is merely a matter of 
algebra and patience. : 

To demonstrate the power of the tools in our hand’, we work out C,(121). This 
will be given by Τι, oni, = 0. То define T,,, we set 


L, = F,F,F,F,( — GEAR 4 G,E,E 1,1, + G,E,E,I,L) -2ESE,E, 
Ly = FQPPQG,EQEI,- G.E, 1,1, + G,E,ELI) -2E, BE, 


and MEME : : 
L, = P P.P.P .(G ΕΕ] ο]. + @„Е,Е 1,1,— G,E,E.I,1,) 2E E, ER, 


- 


Then C,(121) is given by 


a A са 
d πα τη 


2- [ gat bi с“ 2Ь°с* Qotat , ` 
AE 




















Ef be ba LD pana papa 
2abc 
+ = 
а b ο )( а b ο )( a ` 2) (+ 2) ` 
рс sha E = e SE 
(2 Ἡλι r+ E Т. 


This is homogeneous and symmetric in a,b,c and of degree 1815. Its irrational 
representative can be worked out without much trouble, if desired. C,(121), C,(242) and 
C,(242) follow readily on proper sign adjustments. 


If our ambition had been a little more unbridled, we would have aimed at C,(1681). 
The method would have been to culeulate t, by T;-on t, and ta by T, on ty. Thus 
t, t equated to 1 would yield C,(41), from which C,(41) could immediately be written 
down. Then T, on C,(41) would yield K(82), from which C,(164), C,(164) would come 
out by proper sign- MCA Then 7,, 18 defined by : 


- 
+ 


b σ 
м en b nue»! “πὴ 
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Ta on C,(41) yields C,(1681). But an actual working out wouid not be very profitable, ` 
although no insuperable difficulties crop up in the algebra. The final expression would 
be homogeneous and symmetricai in a, Б, ο and its degree would be 853,010. By 
such methods K(2'282) or K(1058) and many similar porisms come out with great 
ease of calculation. 


.6 
Considerations οἱ completeness impel us to introduce elliptic functions at this 


conclusive stage. Th treatment is in hl suggested by Clifford’s work on two- bye 
correspondences. Let 





f(t, ")Ξξα eeng = 0, 
o. S i es. 1 n af +] E 
p" | _— er 008 i 
' i (1+ 2λ{3 ++) | (1 2401 + 0) 
where 5 : 
3 2c*(a* — 03) 
дуз ў 1+ an 42003 -- са) 


We assume А > 1 and set 


m di tel? ON teo . 
кеше. α--πεπρ. “πὶ OUT guy 
This leads to , 
poem =f dx 
Fae Уа) аа ^ Jam гї — Ие 
where № = 1—e-79?", yielding: 
sn^!(z, k) — sn7!(z/, k) = constant 4 


Suppose x’ = 0 gives g =g, Hence 
sn^!(z, k)—su™ (z', k) = sn (к, k). 
Since z = 0, - т do 
“liga, k) = (αι, k) = K = ——n. 
το κα mr 


as the condition of porism. ' 








Hence K tev? 
m anf = Ten | 
: Ei fce-b t Oel) A-1) | SE 
х shit D /2 
Ον . š K} _ cy (b?—a?) + b y (c* — а?) Р 
x . taf n \ bi a(c T b) 


Obviously, this cannot be the simplest condition for the porism of an n-agon in general, 


unless n be prime. š 


dÉ 
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ñ = number of sides, d = degree of the rational porisra in a, b, с 























25 
26 
27 
28 
29 
80 


= 





3 


3 





== a a 











SS SS ë 
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1 


D 


All porisms are homogeneous in a, b, ο. 16 is noticed that C(8) is of degree 1, C(5) 
of degree 8, C(7) of degree 6 and in general C(p) is of degree $(p?—-1) for prime p. Dn 
be a product of two distinct primes p and η, each different from 9, then the povisms 
corresponding to p μπᾶ q intrude as irrelevant factors. Hence ihe chaste porism 
C(pg) will be homogeneous in a,b,c and of degree $[(p*g?—1)—(p?—1)—(q*—1}| or 
#(p*-1)(q?—1). However, if n is a prime square, ‘the degree of  C(p*) is 
i[(pt-1)-(p!—-1)] = 4p°(p?—1). Now since Cp) is of degree 4(p*—1), K(2p) will be of 
degree 4(p?—1), and hence the transformation T, will multiply the degree of C(p) by 
$(p?—1).2+1 or by p°. ` Hence T, onC, is of degree p?.4(p?—1) or 4p*(p* — 1). It follows 
that C(p?), given by Т, on C(p), contains no irrelevant factors. 


By similar cousiderations, it follows that C(pgr), where p, d r> 2 and prime, 
would be of degree 


A (p?q'r? — 1) - (p* —1) - (g* —1) - 0? -- 1) -- (р? - 1)(g* —1) - (8? -1)(? —1) 
— (* - 1)(p* -1)] = 400° - 1) (e? - 1)? - 1), 


Now T, on C(q) is of degree 3p*(q* —1) and hence contains а laetor of degree $(g*—1) which 
corresponds to C(q). Hence 
ER Tp on C(g) = C(a) C(pq). 
Similarly | 
= Т, оп С(р) = О(р) C(pq), ᾿ ' | 
“We came across this phenomenon when discussing C(15) and C(21). But Tp on C(pq) ів 
of degree $p*(p* —1)(g' —1) and hence contains no irrelevant factors. In general, it is 
found that  . Ὃν 
το ΣΕ] c@qr) = = C(p* q? т), 
and contains πο! irrelevant factors. 


As the transformation T, multiplies the dee by 4, the counting of dimensions 
for even porisms presents no problem whatsoever. The table given on page 108 gives the 
dimensions of porisms ior an n-agon for 8 < n << 254. Ал interesting fact, capable of a 
simple proof, emerges from the table. If the dimension of a porism is odd, the polygon 
has р” sides, where p is prime and r в positive integer. ` 


The full invariant forms for the porisms in terms of A, Δ΄, Ө, 8’. may be obtained 
by the transformation 


BORA анс το’ 


А i З 2m 
but hke Chaundy, J am one οἱ those who prefer to see the porisms exhibited in circular 
terms. | 


ЮБРАВТМЕКТ oF MATHEMATIOS, 
` PRESIDENCY COLLEGE, 
= CALCUTTA, 
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ON A NEW FUNCTION-THEORETIC METHOD OF SOLVING THE 
TORSION PROBLEM FOR SOME BOUNDARIES 


5 "TEE, By 5 
5. GHOSH 


ç i (Received September 10, 1947) 


4. It is well-known (Muscheiisvili, 1929) that the problem of torsion of an isotropic 
elastic beam can be solved, when we know the mapping function which makes a conformal 
representation of the cross-section of the beam on the unit circle. In many cases, where 
the boundary of the cross-section consists partly of a straight line, this mapping function is 
very complicated, while we can find in a simple form the function which maps the cross- 
section conformally on a semi-circular area, the straight boundary of the cross-section 
corresponding to the bounding diameter. Tle methed of determining the complex 
torsion function, ‘discussed in this paper, relates to such cross-sections. The plane of 
the cross-section of the beam is taken to be the e-plane (e = z--iy), and the straight part 
of the boundary is taken to lie on the real axis in that plane. The plane of the semi- 
eireular area, on which the cross-section is mapped conformally, is taken to be the (-plane 
(ç = £+ i), its radius unity and its bounding diameter op Ње real axis in that plane. 
The torsion problem is then reduced to the determination of a function of ζ, which ів 
analytic. within the semi-circular ares, and is real on the bounding diameter, and whose 
imaginary part takes up prescribed values on the semi-circumference. By Schwarz’s 
princyle of reflection, this function is continued analytically to the other half of the unit 
circle, so that the problem becomes one of determination of a function, which is analytic 
within the unit circle, and whose imaginary part takes up prescribed values on the 
circumference.:, This function is then determined with the help of Schwarz’s formula. 


"Let г be a closed curve in the s-plane, which is и about the real 
axis, am О the part of Г above ihe real axis, Let 


: 8 = w(t) (2.1) 
give the conformal representation of the region within Г, on the unit circle in the ζ-ρ]απο, 
so that the region E in the z-plane bounded by C and the real axis is mapped conformally 
on the upper half of the unit circle in the ¢-plane. / | 
Let R denote the cross-section of the beam. кош in the torsion problem, we are 
to find a function 
Қа) = oti, . (2.2) 
analytic in R, such that its imaginary part d takes up the value &(z*--y") on the 
boundary, If we put 
F(a) = d iV = (0) fis’, (2.8) 


- 108 8. GHOSH К 


then the function F(a) is analytic in E, and its imaginary part takes. ир the value y“ 
on the boundary. Now, y = 0 on the part of the boundary which lies on the real axis, 
во that the function F(z) 18 analytie in E, real on the real axis, and its imaginary part 
takes up the value y^ on ihe boundary. By Schwarz’s principle of reflection, this 
function can be Gontinued analytically to the part of the region within Г, lying below the 
real axis, the value of the function at the point (z, —y) being taken to be the complex 
conjugate of ils value at the point (z, y) Therefore, on the lower hai of Г, the 
imaginary part of the function lakes up the value —y?. 

If t be the point ofi the circumference y of tbe unit circle, corresponding to the 
point e on Г, then we have [ον a point on Г, - 


y = – 190) – 0(1/O]*, . (3.4) 
` since Ç= 1/{ on y. 
Let 
Γ[ωίϱ] = G(Q. ` (2 8), 
Then the function G(C)/i is analytic within the umt circle im the t-plane, and-i(s real 
part takes up the value 


-HeH -0/9] E" (2.6) 
on the upper half α of y, and the value I 
ἐ[ω(Ὁ -ω(/Ό]’ (2.7) 


on ihe lower half B of y. Since an additive constant in the complex torsion function is 
immaterial, we can use Schwarz’s formula in ihe modified from (Ghosh, 1947, p. 2), 
and write 





T 2 
om ---- Ë [e(£) pu dix 1 ас [ω({}-- τ 1)] | (2.8) 
The-torsional rigidity o the beam 18 No, where Ё 
= 24 yg -- о) dedy, ` € 
[Ergen 2» 
the integration being taken over the cross-seclion of the beam. | 


Bubstituting 
y = V i(z-y) 

from (2 8), we get 

Ne = Nor +N, (2.10) 


№, = 2 f агау, i (2 11) 
№, = ~ Hii lus (zdz + ydy) )=-1 f Podle 5), (2.12) 


R denotang the rea] part of the line CES which is taken along the boundary ot the 
cross-section. Hence 


where 


and 
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δω =-+® opge) 


taken along tho boundary of the semi-circular area in the мрн, We can write this in 


the form 


š А I 
Na =-ї® | афа] j - θ(βητωβῶθ], 6:19) 
а -1 
the second integral on the right being evidently real. d - 
8. Asan example, 15 us eonsider a beam whose óross-section is a semi-circular 
urea bounded by the circle z?4-y* = 1, у2>0, and the diameter y-0,-lzzzl. 
Here (2.1) ιβ the identical ο μμ 


8 = (t) = C. (8.1) 

Replacing Ç by 2 in (2.8) and observing that G (я) 18 identical with F(s), we have 
ni hp pdt sci eye à 
милет [G Sr Ss 


where a and 8 are now the upper and the lower halves respectively of the circumference 


of the unit circle in the EE 
Noe 





_ ai Τα e SCH 1 
fú Ly dt FER log (1— z) — EFI 


As we describe а in the positive sense, |t|- 1 and am changes from O to z. 
Also, as we describe β in the positive sense, |t| = 1 and am changes from -— to 0. 
Thereofre D 


, D dt сү 2n in 9 
4 ἐ-- = — == == а AN 6 -- wiet —- 
J( pap 24 + P їт+1ов у—- 3. 


ly. α΄ s 5-5 2 
J ( i- = 20+ Ë їт+1о8 — ats 


Substituting in (8:2), we get 


and 





1 [2(2e?+1 | 1-5] š ` 
ро) = z [ЖЕЕ eL =]. ο 88 


The complex torsion function is then calculated from (2.3), and is found to be 


fe) = d [ue « 26060 KSE μετα] 64 


‘which agrees with the result given by Loye (1927, p. 819) and cited by him as due to 
Greenhill. The same result has also been shined by Sokolnikoff and Sokolnikoff (1938), 


who have used the method of Muschelisvili, 
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N, is calculated from (2.10), (2.11) and (3.13). We see at once that 
No = i (8.5) 


On the circumference, 22 is constant, and on the bounding diameter (which lies on 
the real axis), the integral in (2.12)'is real. Therefore, we have 


1 = 
+ Ma ΕΣΩ e Dp fl 
-1 





EL (© -28+ L) log sie, pa 


But, it can be easily proved that 


f« (x° — 22) log 15246 = -$ 
-1 





and 
1 1+2 πὶ 
xd 217 Ят == 5. 
/ log ТЕ 2 à 
Therefore 
Naim qu (8.7) 
π 4 
and consequently, 
mare . (88) 
Qa - 


This is in agreement with the result given by Stevenson (1988, p. 198). 


4. As a second example, let us consider a beam whose eróss-Secfion is a semi-loop 
of the lemniseate of Bernoulli. We know that 


` 


# = ol) = ayist (4.1) 


gives a conformal representation of the region within a complete loop of Bernoulli's 
lemniseate on the unit cirele, and at the same time, a conformal representaticn of the 
region bounded by the upper half of the lemniscate and the real axis in the g- -plane, on the 
upper haif of the unit circle. 

For a point on Ње circumference of the unit cirtle, we have 


[w(t)—a(1/e)]? = a [2+ (t+ 1) Е 9] (4.2) 


H 


Substituting in (2.8), we get 


ΝΡ 
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Observing that am š changes from 0 to z and from --π to 0 respectively, as we 
describe o and β respectively, in the positive sense, while [+] = 1 on both, we prove 
easily that š 





dt = 1+¢ 
i-t ir + log ee 
dt 1—{ 

= + б 
μπι іл log тт? 








1\ dt in , Lift, 1+ 
кеуш = — “f Í σ ` 
/( Кт + Se iz + log a 


1y dt zi 1154 2 ni 
Fras [T t MM 








ον EE + was 


























ée 0 8 ру τ- 
1+t dt let, „1+ у Lt 
= τπτ =2(1+1)+ log >. 
a VE t-g ey Dé 1 ψξ I+$ 
Substituting in (4. 3) and simplifying, and omitting an irrelevant additive constant, 
we get 
2 1+6 1+ Wi 
G(t) = — AË, EES jog LEMS, 4.4 
N, is caleulated from Geck (2.11) and (9.18). We see at once that 
SC a Na = (7-1) d (4.5) 


Το evaluate the first integral in (2.18), we observe that 


ω(Ὀσα/ὃ = “1110, 
(090/0 = = 


Substituting in Ше integral, we can prove that 


| σῷἑ[ωφῶα]ο] = # [- 59" og ^ „Же ык у КГР) 
so that | 


/ G(Od[oe(Do(1/0)] = = — Zu +2 log 24 τ Е : (4.6) 
To evaluate the second integral in (2.18), we observe that 


ω(θ)ω(ϐ) = a (1+ £), 
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8ο that 





i 1 

Y ΜΡ d KR D t 1 1 Š 
f Фао = - SE zd iog CZ T s É le GR 
-] a 


Now, 16 can be easily es that 


Y 4 
| 12+ é) log i d£ = 2 


and 


‘Therefore 


Further, we cun show that 





1 P 
/ 1+ og t+ куба =, > (2+4 log 2s). 
мё 
Substituting from (4.8) and Ge in (4.7), we get 
i ~ 2a! 
f σ(θα[ω(θαίδ)] = = (нта 4 log 9). 
T 
-ι ΄ 


From (2.18), (4.6) and (4.10), we then got ` 
Nos = (otn)? o }— log 2). 
Finally, (4.5) and (4.11) give | 
Νο = Ναι + Noa = (αἱ/π)(1π’ —$r44- 3105 2). 
This is in agreement with Stevenson’s result (1938, p. 217), 
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- DIRECT DETERMINATION OF STRESSES IN THIN ELASTIC 
PLATES HAVING CAVITIES OF DIFFERENT SHAPES: 


By 
PIBHUTIBHUSAN SEN. 


` 


(Received September 90, 1947). 
4. INTRODUOTION a 

A new direct method of finding stresses ın large thin plates with &mall holes having 
different curvilinerr boundaries has been discussed in a recent paper (Sen, 1946). It has 
been supposed in that paper that the plates have a distribution of all round tension at 
great distances from the cuvities, and that no external forces are applied to their internal 
boundaries. In the present paper, the same method is employed to solve similar problems 
of large thin plates with holes of different shapes having hydrostatic thrusts on their inner 
edges. In these cases, stresses at great distances from these edges are assumed to -be 
zero. The cavities ccnsidered are those having boundaries in the torm of (1) nn inverse of 
an ellipse, (2) a loop of a lemniscate of Bernoulli, and (8) an approximate square with 
rounded corners. 


9, METHOD oF ΒΟΙΌΤΙΟΝ 


8 ' ` 
suppose | | ΠΝ (3.1) 


where d 
š = г+іу, and Ç= ἐ-ίη. 


If the boundaries of the’ cavities be obtained by putting either £ = constant or 
т = constant, it is found that the solution of the problems under consideration is much 
simplified when the mean plane stresses &, Ёп, and m are known in terms of é and η. 
In the paper mentioned above, it has been shown that when there are no body forces, 
these stress components satisfying the equations of equilibrium and compatibility are 
given by the relations 





868. roO ara, 49.» . P 
h* оты OE ae Al (2.20) 





; | (2.20) 


where 1 


(ERY rarr o= Brn 
hš -ἕ дё 


and Р and G are conjugate harmonie functions. 
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А] ternatively, these results can be expressed. as 


S.E AE BIER e AAL eam en 


ο ο οσο... 


of = ο πο... 


h* Cu O&\h? /. δὲ δη k? 

The results (2.2) and (2 8) show that the stress components ££, én and yy can be expressed 
explicitly in terms of the harmonie function (9 and two conjugate functions F and G 

IE, for example, & is given on the boundary ἕ = constant, we can choose a tentative 
harmonic function for ©, involving certain constant сое сзепів, and hence, determine an 
expression. for G from either (2 2c) or (2.8c). The relation between two conjugate func- 
tions gives the expression for F and, then, from the known values of ét on the boundary, 
the assumed constants in (9 (which will also occur in F) can be determined either from 
(2.2) or (2.8a). ©, F and G being thus found, tho stress components will be ‘exactly 
known, It should be noted that the assumed value of © which is а harmonic function 
may either be expressed in an infinite series or in a closed form, 2 





8. А Cavity IN THE FORM QF AN INVERSE OF AN ELLIPSE 


` If we use the transformation 


g+ ἴ = c вес (£ + iy) (3.1) 

we get <= 
z = 29 cosh η cos Ё y = 26 sinh η sin é 
cosh 25 + cos 2£ ' Y= cosh 2η + cos 2€ ' 
2 Ж 
1% = а +1 = 2c - А - 
3 cosh 2) + cos 2£' 
and 


= (5) «(5 (GI = 2c*(cosh 2η — сов 26) (3.2) 
5 (cosh 2η + cos 2£)* ge 
It can be easily seen that η--β (a SE 18 the inverse of ап ellipse with rerpect to the 
centre. Let there be a hydrostatic thrust of magnitude P ор the inner boundary of the 
hole given by у= 8.` We assume m this case 
`@ = В(1 + cosh £y cos 26) (8.8; 


where B is a constant. We find from the assumed value of @ that © — 0, 
when η-»0 and ἐ-» -π|2, that is, when t-00, and also that © 15 а barmoniv 
function. 


f 
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Since Ё = 0 when у = B, we have from mu | 
EET MT 
The above value of G on the boundary will be obtained it we take 
F+iG = —BBc sinh ap H EE (8.5) 


which gives SÉ . 
F= 8Bc? sinh 28 ainh 27 
cosh 2) + сов 9f ` 





(8.6) 


Substituting this value of F and the value of © as given in (8.8) into (9.90), we find that 
the condition [n], a = —P is satisfied if 


B = 2P cosech?28. (8.7) 
Thus we have Š Е 
(9 = 2P co ech?28[1+ cosh 2η соз 26], 


Te 16Pe* cosech 28 sinh 2η - 
cosh 2η + cos 2ё 


G R ., 16Pe2 cosech 28 sin 22 


ο SS 8.8 
\ “cosh 2у + сов 26 oe) 


Д. À CAVITY IN THE FORM OF A LOOP OF LEMNISCATP OF BERNOULLI 


Let z and ¢ be connected by the relation 
(s 4 e)(a— c) = eet, (4.1) 
where c is a constant. In cartesian co-ordinates z and у, we-have the relations 
(2% — у — o!) + Ag! y* = cett Я 
‚ (2®—у%—о%) = Ben cot 27, - А (4.2) 
во that the curve £ = 0 beeomes a lemnisoate of Bernoulli of which the polar equation is 
? = 90° cos 20. š (4.8). 
We shall consider the loop of the curve that lies in the region 


ee Ee - 0/2 5457/2. 
Tn the present case we get 
E b ca t 
H [1465 £269 cos 2q]? 





(4.4) 


1% = [ltet + е2 сов θη]. . (4.5) 
We E 
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From these resulte we find that 


°] [27] — ο,» H c? š 
= 903 cos 1, = = — 20” gin η, - = — seu? 4.6) 
ES кер I eg αι ; | е, > Sec a) EE. 


Assuming “the boundary of the cavity to be given by é = 0, we are now to choose а 
harmonie funetion @ which tends to zero at an infinite distance, that is, when d — оо, 
À simpie expression for © satisfying the above condition is g ven by 

© = Be cos 25, 7 (4 7) 
where B is n constant, fo be determined. | 


If we now assume that there is only hydrostatic thrust of magmtude Р on the mner 


, 


boundary, we shall have 
& = 0, and ἕξς -Р when £= 0. 


From the first condition we obtain in virtue of the relation ( 2.2c) 


o" oo 099 fan | { | 
| [G];=o = 15 δὲ δε SCH, Geo sin η. (4.8) 


From the second condition we have on using the relation (2.24) 


_4Ро* [= - -8799 +5© P| 
608 1 Du o» 95 Of ἔ-0 
I E 2Be? ` 
= Ет cos + [F] a, 
This equation is satisfied if 
В = 2P, and [F];= о = —8Bc? COB 1). (4 9) 


Expressions ior F and G on the boundary @=0 as WEE in (4.9) and (4.8) will be ва 
if wet ake 
^ F+iG = --4Βο [e75* + cosh(¢+in)]. (4.10) 
Thus we geb - 

(9 = 2P ei cos Qn, 


F = -ΒΡοΐ[6-ξ + cosh ἔ]σος η, 
G = 8Pc*[e~§ — sinh £]sin y. . ` (4.11) 


B. А CAVITY IN THE FORM OF AN APPROXIMATE SQUARE WITH ROUNDED CORNERS 


| 
Assuming 
8 = et + eech, 
we get 5 
z = e“ cos η + ce сов δη, 


y = et Sing ce 3E вір By, (6.1) 
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во that the boundary ἕ = 0 gives an approximate square. We have in the present case 


Б = 69 + 0016765 — 0072 cos 4η, 


13 = 024 + с2е76 + 206-2 cos 4η. 
Let us assume 
£4 8ce-% 
EC 
et — 8c e9€ 


i _ 68 [3c%e~8§ — св-2 сов 43] 
š ef —Bce~% cos 4y +902666 ° 





where B 1з и constant and Re denotes the real part. This value of @ gives 


š ° = OB[8c*e-95 — ce" H cos 4η] 
From (5.2) and (5.8) we get 





>] D [27] 
z = 2— 06” — 4c cos 4n, — = --8ο sin 4y, 
[5 {=0 L Όη 1к=0 ! 


Ə/1 ae у ofl e ; 
lo]... = 2— 540" + 196 cos 4η, (ZG. = 24c sin 4n, 
We assume that on the boundary ξ = 0, & = 0. Hence from (2 Bc) we get 
` G] = —48Be(1 +80” sin 4 
Lë == Ј sin Zu, 
р=0 


The above value of G δ’ on the boundary is obtained if we assume 


F+iG = 4B(1+8c? Š 
ς 80028 
This gives 


^j 


[А = 4B(1 + 8c?) [(1— 2163) + бо сов 4η]. 
ё=0 


Sinee by assumption ЁЁ = —P on the boundary £ = 0, we have from (2.8a) 


B = —2P. 
With this value ot B we get 
_ 12Pe[e H cos 4n — 8ce- 85] 
e% 4902-8 — Dee" соз Ар 





οἳξ — 9ricte-9E + Bee cos 4j 
ef + 9οἳο”δὲ — Bee cos 47 





Р = — BEI A Sen 


(5.2) 


(5.3) 


(5.4) 


(5.5) 


(5.0) 


(5.7) 


(5.8) 


(5.11) 
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ce? sin 4η _ 
1ρ-θξ — Goe% eos dn 





G= 96P(L+8c? 
2 ) x96 


BEKGAL ENGINEERING COLLEGE, 
ΕΊΠΡΟΕΕ, 


Reference 


Sen’ B., (1946), Philosophical Magazine (Not yet published), 
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REMAINDERS IN QUADRATURE FORMULAE 


By 
M. C. CHAKRABARTI 


(Communicated by N М. Βαθι-- Βεοειοσᾶ December 9, 1947) 


1. The object of quadrature formulae is to approximate a definite intcgral 


b 

f Heide 
by means of au expression of the type 

Š R.f(z.) 


where the Bis are constants and z, @.,..., Xp are p values of z in the in the interval 
(a, b). If f(z) be expressible in the torm: 


fe) = > an", 


the error of approximation L(f) сап be written as 


μηνα _ D © 2 
Lif) = KE gr $ R. aas 


ΤΕΙ D 


t re 
sS [em Eus] 
Ы r= r+ — «51 
Let - 
1 
τ. b Raza” = 0 for r= 0, 19 Yate ος 
and P 
_ B = Huts. ont) К i 
M ntl > Rafa" #0. 
'Phen 
Lif) = Si piet. $us ῃ 
т=п 
= ds Q +a, ( )+ .. (1) 


The term a,Q in (1) is known as the leading term of the error series and 18 usually given 
with the formulae to be used. The closeness of approximation is usually judged by its 
magnitude. 


Let the remainder in a quadrature formula be expressible in the form, 


Lif) = Z Ae) Σ Bales) + 2 Οὐοὐ ἡ... (2) 
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to w finite number of terms. The formula (2) will be of order n if Lei = 0 for 
q—0,1,2,..,.n—L and Lian = E = 0. А formula of order 1s said to the simplex 
if for eee fasion f(z) possessing derivatives up to n-th order 
L(f) = 0 implies /*?(£) = 0 
for some value £ of z in the interval contuining the points. 
Daniel (1940) has shown that for formulae which are simplex, the remainder comes 
out in a simple form. Let 


Lif) _ ο. 
ZD A g(a) = Γῶ-λο 


theu since the formula is simplex L(g)=0 will imply that for some £ in the intervu! 
ϱ0(6 = 0, Thus 


0 = g(g) = J- — A1 = [*(&) — ир ni 
whenoe Ἢ 
L(f) = E. ma 
Evidently the order of (1) is n+1 und 
Q = Ej(n-41). 


In a recent paper Bickley (1989) has given a long list οἱ quudrature formulae with the 
leading term in the error series. In the present paper it bas been shown tbai most οἱ 
these formulae are simplex so that the leading term in the error series is the actual error 
when ;the value of the derivative is taken at a suituble intermediate pomt. Besides, a 
a number of simple theorems are proved which will enable one to decide quickly whether 
& particular formula is simplex or not. In Section 2, the usual methods employed for 
judging whether a given formula is simplex or not are illustrated by a few examples, 
2. Consider the following four formulae: 

(Ὁ L) = f(2)—1(0) — (29//(0) + 124/(1) + 24f'(2) + 4f'(8) — f'(4)) 90 

(it) LU) = 8{/(8) – 0) - fü f(0)) — U'(8) + 8//(2) —8/'(1) — [t0 

αἱ) LA = ου... /2)+['(—1/у/2))/8 е 

Go Lu = f(4)—1(0) - 0100) — 401) + 5/'@)}/8 
In (i) the order is 6. Choose a polynomial of degree 5 agreeing with f at 0, 1, 2 and having 
the sume derivative as f at 0, 1, 4. Consider g = f—p. L(f) = 0 implies Lig) = 0 which 
gives 24g'(2) + 40'(8) = Ὁ whence g'(z) = 0 for some valne £ of z between 2 and 8, Hence 
g'(z) vanishes at 6 distinct points and by successive applications of Rolle’s Theorem we 
can show that g(x), te, f(z) vanishes at least once in the interval. Therefore, the 
forinula is simplex and 


E = Lie’) = Líz(z -2)'(z —4)(z-8)(z—1)] = 1/8. 
Therefore 
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In (it) the order ıs also 6. As before let p(z) be a polynomial of degree 5 at most such 
that f= p at z=2,8 and "sp at == 0, 1, 2, 8. Consider g=f—p. Lif) = 0 
implies L(g) = 0 which in turn implies —g(1) +g(0) = 0, 1.6., g'(z) = 0 for some value 
£ of z between 0 and 1. It will be found that g'(z) = 0 at æ = 0, £, 1, 3, ξι, 3, Le, ut 
6 distinct points, Hence σία) = 0 at least between О and 8, i.e., L(f)is simplex. And 


E = L(a*) = —24, LA = _о4Ё°@ =e [99 ) t 
61 80 
Formula (їй!) 18 of order 5. Aud . 


f(e) = -2(z – 9f) +а{@—(1/ v 2) C71; 2) 
3 ale 1/2) 0/2) + аа Ф) (е, 0, —1/ /2, 1/9) 


where f'(x,2,... £a) denotes the divided difference of D of order n—1, Integrating 
between the limits —1 and J, we get 


бф = f(0-f(-0-3((0)7* fa] v2) + fC-1/ VB} 
š Γ αία’-- (s, 0, 1/ /2, —1/ V 2)dz 
-ι 
‹ 3 eyo. pH 
E lG - =) ре, 0, 1/ V2, αν»), = А 5 (а Ais z,0,1/ /2,-1/ /9)dz> 
= {2(9/860. | 


nnd the formula is simplex. 


Formula (iv) із of order 4. We have, as before, 


4 
PE I “ale -1)(2- 2)f'(e, 0, 1, 9)άσ 
0 


8 4 | 
= + «(ж — 1)(z —2)f'(z, 0, t, 2)da 
Тат 
- = d ole — 2) [f'(z, 0, 2)—f'(0, 1, 2)]da + f° (€,)(16—9/4)/6, (8 « £, < 4) 
0 ` - š 


: | 

Ἐπ / г ( Ξ- 1) f(z, e, 0, 2)dz + JO(G,)(16-9/4)/6 
A | 

zd4d9()34-419(£)16-2, | 0«£6 «8, 


a 10/10 = (819/8, 0c £«A. 


`nnd the formula 18 simplex. 


8. Often the question ns to whether a formula simplex or not ean be decided by 
an application of one of the following four theorems Treorems 1 und 4 are possibly new 


122 М. С. CHAKRABARTT 


but theorems 2 and ὃ are given in text books in a different form and they have been 
restated here in a form suitable for our purpose, 
Theorem 1. Lat ` ` 


цр = Af(b)+A'fla)+ 5 Ads) 5, Ву) (3) 
wheea<2,< z, ‚..< m, < b, A, A’, An В, are constants and the coefficient of f(b) 
is not gero. Then (3) will be simplex if (i) the order 18 9n & 1, (п) a = m, b = m, and 
the order is 2n —1, (ii) a = z, and the order is 2n, (iv) a = αι, b = Ly, T Of the B's are 
zelo and the order 18 greater than or equal to 2n —r—1. 


Proof: (t) Let p(z) be a polynomial of degree 2n at most such that (e) when 
a<z, Sech, pla) = Ја) for z = a, а, Zes... zw and p(z) = fia fr α--βι, 


Z «ο £a; (B) when a = z,, z, «b, ple) = f(z) for z = αι, £a.. a, p'(z) = [(ш) 
tor 2 = 2,,2,, . . Gan and p!(b) = f(b); (y) when a = αι, zx = b, ple) = f(z) for z = αι, 
Para ee r Eua P = f'forz = ж, 2... Zu p'(z,) = [(σι), P(E) = f€); (8) a m, 
αμ ὃ, р(х) = f(a) for т= a, αι, 24,.. . , tan р =f’ for c= a, Zu a...) fun ` 


Consider the function g = f—p, Lif) = 0 implies L(g) = 0 and thus will imply gb) = 
It will be found that g(x) vanishes at 2n distinct points in a < 2 < 0. Therefore, by 
successive applications οἱ Bolle's Theorem gC"*P(x) vanishes at least once in (a, b). 
Therefore /*^*!(z) = 0 for some value € of z in (a, b) and the formula is simplex. 

(ii) Let p(z) be a polynomial of degree 2n —2 such that pefforz-—2z,7,..., 
Zu, р = f ÍO E = m2, ..., Zu, Consider the function g = f—-p. LU) = 0 imphes 
L(g) = 0 which implies g(b) = 0. It will be seen that g'(x) vanishes at 2n —1 distinct 
pomts in (a, b) so that 01) i.e., f&*7P?(z) vanishes ut least once in (а, Б), i.e., the 
formula is simplex. 

(ii) Let p(x) be a polynomial of degree 2n —1 at most such that (а) When z, <Б, 
р = {1ου £= £, fa, Te p' = f for sf, Z, ..., Zn; (8) when z, = b, p= f 
for z = X, an, £a р = | for z = X. %,.. Za p'(z,) = f'(Ge,). Consider 
g=f-p; L(f) = 0 implies L(g) = 0 which again implies g(b) = 0, It will be found 
that g'(x) = 0 at 2n—1 distinct points in (a, b). Therefore, g@m(z), (e, f@P(x) = 0 
nb least at one point in (a, b). Hence the tormula is simplex. Evidently whefi b = z, 
and the order is 2n, a similar proof will show that the formula is also simplex. 

(iv) Obvious. 


Thus, each of the following formulae ` 
L(f) = {(b)— fla) 
ο (®®®\.. 


LG) = ](1)—](0)— {5/'(@) + 8f’(4) + δ/ίβ)}/18, (α-- α)ς--β) = λα = 
L(f) = f(8) = f(0) —91/(2) — f) - 6/12) + f(1)] i 


which аге respectively of orders 1, 8, 7 and B are simplex by Theorem 1(i). 


The following 
five formulae ` 


~ 
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Lif) = 16) να. 


цр ο ο 5 (r0) «f «4r (527) 


L(f) = 11/8) —f(O)} + 27412) —f(1)) -84"8)-- 9/8) + 9/01) + FO} 
L(f) = 25((4) — (0) +1604/(8) — 701) — 01/4) + f'(0) + 16/'(8) + 16f'(1) + 30f/(2)) 
L(f) = 494/(6) — (0)) + 924(/(5) — f)) + 2625(/(4) – f(2)} 

— 10(f/(6) + TO +86f'(5) + 86/^(1) + 825f (4) + 225f"(2) + 400/^(8)] 
` which are of orders 8, 5, 7, 9, 18 respectively are simplex by Theorem 1(й). 
The tollowing three formulae 


L(f) = f(b) — f(a) — (b -- a)f'(a) 
Lif) = /(8)—J(0) — 34/0) + 5/'@)} 
Lif) = [8)—[0)-{Г@) SEO - 
which are of orders 2, 4, 4 respectively are simplex by Theorem 1(йїї). 
Lastly the following three formulae 


L(f) = f(2)~2f(1) + f(0) – (2) —/(0)) 
Lf) = 11f(4) + f(0)] + 16{/(8) + /(1)} —54/(2) — Stréi + (0) + 8/8) —8/(1)} 
L(f) = ae B) + /(0)) + 1488{/(δ) + f(1)} + 875 {f(4) + ](2)} — 400/(8) 
— 80{/"(6) — f^(0) + 24f'(5) — 24f'(1) + 15]'(4) — 7572 ` 
which are of orders 4, 8, 12 respectively are simplex by Theorem 10). 
Theorem 3. (a) Ij the formula — ` | ` 


a 9m 
140 = т) -f(0) - 2m A A,f'(8) 
be of order 2т +8, then it is simplex, 
(b) ` If the formula 





D 


Цр) = fàm -1)-f()-(9m-1) S. А 


..0 


be of order 2m +1, then it is simplet. 
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Corollaries: (i) If in 2(a) Arm = Ay = 0 and the order is 2m+1, the formula 18 


simplex . 


Gü If in Ub) Azm- = A, = 0, and the order is 2m —1, the formula is simplex, 


Proof: Let p(z) be a polynomial of degree 2m+1 at most such that f! = p! for 


z=0,1,2,...,2m. Consider 9 = f—p we have 
file) = p(z) + z(z—1)(—2) . . . (z—2m)f'(z, 0, 1, 2, .. a 2m) 


2m 2m 9m 
/ , f'(@)dz =f p'(z)dz + f z(z—1)...(z—2m)f/(2,0,1,2, . . . 2m)de 
0 0 0 ` 


3—1675Р—3-4 ` E 
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л O= L(f) = L(g) = g2m)-9(0) = 90а = | f(zde- pi(e)do 
r Ἢ " 0 ο 0 


2m n 
= f a(z—1)... (z-2m)f(e, 0, 1,8,..., Βπιλᾶα = Арт (8) where À 3 0. 
0 


Qn 
The last result follows easily from the faeta: (i) f z(2—1)... (z —2m)dz = 0, 
0 


d e А 
(i) F(a) = f t(t-1)...(t—2m)dt keeps a constant sign for 0 xz z < 2m and (iil the 
0 


first menn value theorem of the LE calculus. Hence the formula is simplex. 


Similarly, we can prove Theorem 2(b) and the corollaries. (Cf. Milne Thomson 
(1988), Articles 7.18 and 7.14). 


From the above theorem the fact that all the usual formule of the open and closed. 
types are simplex, will follow. In particular all the ten formulae in Group I of Bickley’s 
paper are simplex, A similar conclusion will follow for each of the following formule 
of the open type 


L(f) = [®)—](0)—#[/'@)+]'@)] 
L(f) = f(8) — (0) 7 g; [11 01) + f(2) + ]'(8) - 11/4)] 
‚ Lf) = f(6) —J(0) — fo [11/01 — 14/9)  26/(3) — 14f^(4) + 11//(5)] 
Lf) = 7) - f(0) — rago [611 (1) — 458//(2) + 562f'(8)-- 562/'(4) -- 458//(5)  611/"(0)] 
which are respectively of orders 8, 5, 7 and-7. | 
Theorem 8. If the formula 
Lf) = f(by- f(a) — [BF (a) + В.Р) +В, σι) + B fr(z,) + +++ + Basal (2n)] 
where in the interval (a, b) the product (z—z,)(z—2,)...(c—z,) has no sero, be of 
order п +8, then it is simplex. If further either B, or B, is zero and the order is n 42, 


the formula will be simplex, Lastly if B, = В, =.0 and the order is m+ 1, the formula 
ia also simplex, | 


Proof: As before 
b А - 
L (f) = f (α--α)(α-- Ὀ)ία--αι)(α--ως) . . (α--αρ)ή/(α, а, δι, 24, . . Zu b)de 


The quantity (z—a)(z—b)(z—z/)...(z—z,) keeps a constant sign τα (a, b). Ther: fore, 
by the 1st Mean Value Theorem of the Integral calculus 


na b I 
L(f "са ο --ᾱ 


= Af’), where A 40. 


Therefore LO) = 0 imphes f@+Ə(ë) = 0 and the formula is simplex. The remaining 
part of the theorem will follow by slight modification of the above proof, 


` 
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* ILLUSTRATIONS 


The following five formule ; 
(G) Lif) = K1) --Πίθ)-- [5/'(0) - 8/1) --/ (81/19 
G) LA) = /(1)—/(0)— [9/'(0) - 19//() —5f'(2) + /'(8)] /24 
(m) L(f)-f(1)—/f(0) — [251//(0) + 646/'(1) — 264/'(2) + 106//(9) — 19f'(4)] / 720 
Dei LA = f(D—-f(0)— [55f(0) -69f'(—1) + 87f'( - 2) -9//(—8)]/24 
(v) L) = f()-f(0) -—3[5/(2)—8f(8)] d 
which are respectively of orders 4, 5, б, 5 and 3 are simplex by the above thoorem. 
Theorem X. If the formula | 


L(f) = (т) – 0) —2m > Аз (Әв —1) 


- 


where m is odd, be of order m + 2, then it is simples, 
Proof: Evidently 


2m 

L(f) = | (α-1)ία-9)... (α-- 219 1)/ (9, 18, 5,..., 2n — 1)dz 
0 N 4 

Integrating by parts and remembering that Р„(0) = F,,(2m) = 0 where 


Pate) = f "@—1)0—8)...@—9в+1)й, 
we get i ` | 


. M 
Pus / Palette , 1, 8, 5, . . ., 2m—1)dz = — Afer?(¢) 

0 Ç 
where A «Ὁ and Osx é< 2m. The above result follows trom the Ist Mean Value 
Theorem of the Integral calculus which ів applicable here since Р„(х) < 0 for 0 < z < 2m. 
The lat result can be established in the following manner. Since F,(z) = Fy(2m —z), 
it is enough if we can show that P,,(z) < О for 0 «Cz < т. Now consider 


F, (z) = E [^T^ sis )e-2t-9 . . . (E- 9m 1)dt, («ας») 
0 1 3 


Here the first integral is negative and from thé second integral onwards the terms are 
alternately positive and negative, each term bemg greater m absolute value than the 
term succeeding. Besides Ё|(ш) = [(z—1)-—1]/2 <0 for 0 <z <2 and Р, (а) = z(z—6) 

x [(z—8)° +1]/4 < 0 for 0 <z <6. 
Š 3 

B f @—-1)%—5)%@—5)... (t-2m + 1)dt = CIE S (£-2m +1)] 
0 
0 


f 


š d 
-f CELL 
(0 


Therefore the 1st integral in F,,(«) determines the sign of F,,(z) and 18 negative, 
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Së ILLUSTRATIONS 


The formule | 
Lif) = f(6)— 100) —8[8/'() + 2/(8) +8f/(6)]/4 
L(f) = f(10) —/(0) — 10[275/' (1) + 100f’(8) + 402/'(5) + 100f’(7) + 275/'(9)] [1152 
which are respectively of orders ó and 7, are simplex by the above theorem. 


4. Often we come across mixed formule i.e. formulae obtained by combining two 
or more formulae of the simplex type. Sometimes these combined formulse are also 
simplex. Consider, for example, 

L(f) = f(4)— f(0) — 8(/(0) + (4) + 4f'(1) +4/'@) + 2f/(2)} 
= f(4) (2) (4) GEET + 4l) + O} 
= = [FP E) + OE] 0 = DOE /45; | 


Or, consider the formula 
LH) = f(4)—-f(0) - 2[f/(1) + /'(8)]. 
| = {A-D -2/(8) + f0— (0) - 270) 
= рт) Е.) = HME 
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HOMOTOPY GROUPS OF SOME MAPPING SPACES OF SPHERES 


By 
.SzE-TsEN Но 


(Communicated by the Secretary--Recerved October 10, 1947) 


1. INTRODUCTION. А 


Let Y be а connected, iocally contractible, separable metric space. The 
fundamental group of the mapping space Y5"(a,, Yo), i.e. the metric space consisting 
of all the mappings /(5*%) с Y such that f(z,) = у, where z, € 8", y, € Y are given points, 
is defined by W. Hurewiez (1985), ав the (m+1)-th homotopy group of Y. The 
fundamental group of the null-component of the mapping space YS" has been discussed 
by М. Abe (1989). The structures of higher homotopy groups of the both spaces are 
determined in terms of the homotopy groups of Y by the author in a recent work (1947). 
The present paper is to give two generalizations including all these known results. 
Throughout this paper, a mapping is a continuous transformation. 

Let Y, be a connected ahd locally contractible subset οἱ Y, and y, be a given point 
of Y,. Let 8 be an m-sphere and z т, be two distinct fixed points of S", Let us 
denote by Am the metric space which consists of all the mappings f(S")c-Y such that 
[(z,)€Y,, and by О" the metric space which consists of all the mappings f(8%)< Y such 
that f(x) = Ya f(z,)€Y,. Let A7, ΩΣ denote respectively the components of A", О" 
which contain the constant mapping O(S™) = y,. Our main results are embodied in the 
following theorem. 


Theorem: The fundamental group z! = si LA Hai (Q7)] has an invariant subgroup т 
which is isomorphic with s"*!(Y), Thé quotient group ils ιβ isomorphic with 
w(Y,)[n(Y, ¥,)]. The r-ih homotopy group п" = n(A) [a (09), r>1, is isomorphic 
with the direct sum n™*"(Y)+n7(Yo)[a™*"(Y) - a7 (У, Yo]. 

By a^(Y, Y,) we denote the n-th relative homotopy group of Y i in relation to Y,, 
(Hurewiez and Steenrod, 1941). 

`- а, Тһе group a,"(Y, Y,) and the group o,"(¥, Y,). 
Let us consider, in the Euclidean (n + 1)-space, the (n + 1).element E**! defined by 
the inequality 
боб... +É xL 
Let 8”, r < п, be the 1-sphere defined by 
fe tE + We + 6,2 =1; &-0 i>r. 
Let E,", Е," denote the subsets of S", т< п, defined by ἐν > 0, &, < 0; and D r, Ps, 


the subsets of 8’ defined by £, > 0, & <0. Let p, denote the point (0, —1, 0,..., 0) 
ot S", then p, €S" for each r > 1. | ‚ - 
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We shall consider the totality of the mappings f(S")<Y such that f(D,,)cY, and 
f(S'71) = y, [](8}ς Y, and /(р„) = yo]. These mappings can be divided into homotopy 
classes relative to (Dp, Y,; $'7, y,)[to (S’, Ya; ро γα]. We shall denote the class of 


tre mapping f by 7. We denote by 0 the constant mapping Ο(53) = yp. 


Let f, and f, be any two of these mappings. It can be easily proved that there 
exist mappings f,(S")c Y, (i = 1, 2), such that 


(Ὁ) WEY = у, (,]=1,2;1Ё]), 

(2) f =f, rel. (Dt, Yo; 877, y,)[rel. (87, Yous pos Yal. 
We define a mapping /(8")c Y by takmg > 2 

Í =} on Ey = 1, 2), 
then f is also a mapping of the kind we are considering. Ji can be verified that the 
class f depends only on the classes f, and f, We define 
7 = are 

1b can be easily seen that the operation + has all the properties of a group operation. 


The zero element is the class О; and the negative element of Í is the class fð, where 
6(8*)c:S^ is the mapping which maps each point z € S" on its mirror image 6(z) in the 
hyperplane £, = 0. 

The group obtained in this way will be denoted by A," = ANN, >Y J[v,* = o," (Y, Ү,)]. 
When Y, = Y, it reduces to the group k”_,/Y)[a™(Y)]; when Y, = yo, it reduces to the 


T-1 
z"(Y)[k,^(Y)], cf. (Hu, 1947, $4). Jt should be remarked that although we use the 
additive notation, the group A,"[o,"] is not necessarily commutative when т = 1. 
The following theorem can be proved with the same argument used in (Hu, 1947), 85. 
Theorem 2. 1. For cach r > 1, we have the isomorphisms 
v (AP) ms Ar (Y, Ya), 
π (ΩΓ) mor (Y, Y). 

Corollary 2.2. The groups А," and o," are commutative if т> 1. 

3. The principal and inessential subgroups. . 

A spherical mapping f(S")CY is said to be principal. in case /(D.n) = y,. An 
element of A,^[«,"] is said to be principal, if 16 can be represented by a principal mapping. 
The following theorem can be proved by the argument used in (Hu, 1947, 80). 

Theorem 3.1, The principal elements of АҮ, Y)[o,"(Y, Ү,)] form a subgroup 

n (Y, Y)[pe(Y, Fell, called the principal subgroup, which is isomorphic with 
тҮ). g š 

A mapping /(8%)c=Y is said to be inessential, if it has an extension f*(E"*')cY, 


An element of A,^[o,^] is said to be inessential, if it can bo represented by an inessential 
mapping. It is obvious that all representatives of an messential element are messential, 
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Theorem 3.2. The inessential elements of A,(Y, Yj)[e (Y, Το] form a subgroup 


ve"(Y, Y)[6,(Y, Ү,)], called ihe inessential subgroup, which is isomorphic with 
oY) У, Y,)]. i 


The first part of the theorem is trivial, the second part will be proved in §4. The 
following theorem is also evident. 

Theorem 8.8. The principal subgroup pr^ [o,"] and the inessential subgroup v,"[6,"] 
of the group A,"[w,"] have the aero element ae their only common element, 

4. Naturgl homomorphisms and the structures. 

Let а be an arbitrary element of A,"(Y, Y,)[w,"\Y, Ү,)], and f(S")<Y be a represen- 
tative of а, Let p be the partial mapping defined by ¢ = {10,[ = / | Dj"*!] ; then ф 
represents and element β ot r(Y [a+ (Y, Y,) with p, € D,'*' as base point]. This 
transformation а — В can be easily seen to be а ho.nomorphism h of the group A,"[o,^] < 
onto the group s'(Y, Yj)[s**!], which will be called the natural homomorphism h. 


Theorem A A. The kernel of the natural пото три h of A,"[w,"] onto 
st Ra, Y,)] is the principal subgroup р; Plet]. 


Proof. If ας m ”[p,”], it is evident that Һа) = 0. Conversely, if h(a) = 0 and f 
represents а, then we have 


ф = 0 rel, (87735 Yo) in у Ге]. (87, Yo; Por Yo) in Y]. 
since ф = f| D, le = [| 051], there exists a mapping f’(S")CY such that | 
() fef rel. (D, Yo; 877, ψο)[ (87, Yai po Νο], 
(2) 0.) = yf (D5) = yo]. 


It is clear that Dat DÉI 18 a retract by deformation of D,” relative to itself; therefore, 
there exists a mapping f''(S") CY such that de 
š I (D f? æf rel, рур], 
(2) f'"(D,") = yo. ἐς 
Hence it follows that а is a principal element, and the theorem has been proved. 

Corollary 4.2. The principal subgroup р." [ρε] of the group A," o," | is invariant, 

Theorem 4.8. The natural homomorphism h maps the mossential subgroup v,"[6,"] 
of the group A,”[w,"] isomo:phically'onto the group s" (Y,)[x^ ЧҮ, Σο]. 

Proof. Let β be an arbitrary element of л" (Ү„)[к"''(Ү, Kal, and let ¢(D,")cY,, 
φίϑ'-!, = Mala DT CY, ф(8®')сУ„, (Po) =Y] be a representative of В. Since 
D, [05] is a retra.t of E"*',9 has an-extension f*(E"*')cC Y, Let f be the partial 
mapping dı fined by f = /* S” and let а be the element of A,"[«,"] represented by f, 
then e is inessential and h(a) = 6. Hence h maps v,"[6,"] onto z'(Y;)[z'* (Y, Ү,)]. 

Next let @€1,"[6,"] such that А(а) = 0, then e€g"[p,"]. It follows | from 
Theorem 8.3 that а = 0, and the theorem 18 proved. 


130 SZE-TSEN HU š 


Now let us consider the group А”, τ» 1, [ωῤ, rz 1]. Let а be an arbitrary 

. element of A,"[w,"] and /(S")<Y be а representative of. a. ‘In the case we consider, 

f(p,) = Yo, therefore, f represents an element BEa*{Y). It can be easily seen that the 

transformation a — В is a homomorphism k of the group А,"[ о," ] onto the group z^(Y) 
with p, as base point, which will be called the natural homomorphism k. 


The following two theorems are trivial. У 
Theorem 44, The kernel of the natural homomorphism-k of А, т> 1, [о,", roel], 
onto =n(Y) is the messential subgroup v, [o]. . 


Corollory 4.8. The inessential subgroup v," [6,"] sf the group à”, τ» 1, [o,r δ. 1], 
18 invariant, 


Theorem 4.6. The natural homomorphism k maps the principal subgroup p,"[p,"| 
tsomoiphically onto ;?(Y), 


The following theorems can be proved by easy group-theoretic arguments. 


Theorem 4.7, Each element a of A,"[w,"] сап be expressed uniquely in the forms 


«=б+ү= 8+8, 
where B is inessential and y, ὃ are principal. 
Theorem 4.8. № = pty", rl; 


wl = pelt, r>1; 
терех 6,^. 
Theorem 4.9. А," = p,” xv,” if and only if v," їв invariant. 


The theorem mentioned in the introduction is an immediate consequence of the 
theorems in $8 and $4. 
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A NOTE, ON THE EQUILIBRIUM OF FLUID MATTER IN À 
STEADY DIFFERENTIAL ROTATION* 


De 
‚ М, L. Онозн 


(Received December 99, 1947) 


` 


INTRODUOTION 


The problem of steady differential rotation of a mass of frictionless fluid about an 
axis of symmetry has received a good deal of attention from various investigators. 
Pierre Dive (1980) in course of his work on the subject has taken notice of the case in 
which ‘the gravitational potential becomes purely a function of the density of the fluid. 
In course of investigations into the problem the present author noticed that the 
assumption of the potential being a function of the density alone imposes certain 
restrictions on the density distribution of the fluid mass. The present paper contains a 
discussion of this point. It is shown; that when the density @ is a function of the 
gravitational potential only Ye and | Ve P must both be functions of ϱ only, As 
illustration two different configurations of equilibrium under the conditions envisaged 
have veen studied. The gravitational potential, in each case, has been assumed to be 
produced by a very heavy central spherical core, the gravitational effect ot the fluid 
itself being neglected as small. No pressure-density relation has been assumed. It 
has been found that the fluid, under the circumstances mentioned may remain in equili- 
brium-configuration as a spheroid with differential rotation round the heavy core, very 
much like a rotating thin atmosphere surroundiog a heavy spherical nucleus, or even 
as an anchor-ring (within which the material ів in rotation) concentric with the core, 
A peculiar feature of both the solutions is that the density, which is everywhere small, 
increases while the angular velocity diminishes outwards, 


4 


The equations of motion of a mass of perfect fluid rotating steadily about an axis of 
symmetry are given, in cylindrical co-ordinates, by 


өт =; 02 + T E (1) 

2.98, lep. Tu c 
| 0- lo | (2) 
vM = — 4170 \ . (9) 


From (1) and (2) we have. з 
| 21709 
* The resulta of this paper were ооа and disoussed at a session of the Indjan Beience Congress, 
4—1642P—3-4 


dp = edd + go зат, I 
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Eqn. (4) shows that if © is a function of о alone, since dp and odd» are exact differentials, 
ow*7dr must also be so and hence oo? must be a function of ‘7’ alone. Thus we arrive 
at the -first conclusion that “£ Ф is a function of о, gu? must be a function of T" and 
conversely ''if ew? be a constant or a function of т alone Ф must be a function of о." 


Now let Wen. er ere š v 
; ed = dF() (5) 
go that I > 
eb. 1 ΒΡ 
| SEKR © 
апа i : . 
Φ΄ 19F 
22 ο (7) 
А о Os 
Now, Eqn. (8) is ` 
| 1 3/3) OD κ 
S Zi алта Ue . 
. Henee substituting [rom (0) and (7) we obtain 
19 SE BY art Si. Е 
8rV o 6r +8, Өг Lo Өг 4ле (8) 


where Р ів а function of о alone. 


. Equation (8). can be put in the.form 


— Åre = 1 Sl: OF 9e «el Eaa 





f т дт (о de Or o De "m. 
. A ue τω ; 1 [до 1 (de 
озона: G=) 
M ?'(g): V" (log e) + F"(o) AE a Nos } 
T oo =o d: Pr) LÉI 
во that ΗΝ ὍΣ, E S 
F"(o). | νο P + F’(e).oV (log о) + ἀπρ' = 0. (9) 
In any possible case, equation (9) must be integrable; hence | Ye Р and CU ϱ) must 


both be functions of e But, š 


2 


Vi(log ϱ) = E Ve- lech 
Hence we conclude that if the gravitational potential be a function of the mass- E 
| Vel* and Ve should both be functions of о. The physical interpretation of | Ve| = fie) 
is as follows. Let us start from a level surface о = const. Then the neighbouring level 
- ‘surface can be constructed from it by displacing every element of this surface normal to 
itself through the same infinitesimal distance. This fixes the geometrical character of the 
level surfaces. It may be noted that the simplest surface of this type is a sphere, 
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а 


Case I. We shall now. consider the particular саве of the problem in which the 
potential is due entirely to a central sphere of a very heavy material, so that the self- 
gravitation of the fluid at any point of itself may be considered, by comparison with the 
field of the central sphere, neghgibly small. 

The equations of the problem are 








wr = — ΒΦ... 1 Op ° 
Dr ϱ Or 
= ФФ. 1 Op 
PS 9s T о 98 
_ GM _ GM 
` | CORB C ve d 


As before, we notice that if gw? be a constant or a function οἱ r alone, o must be a 
function of Ф, То have a suitable case satisfying the above conditions we assume 


243 


ωρα * 
ot = t: an (11) 
and І 
о = S eap (13) 


where a 18 the radius of the central sphere, and ως, e, are Ше values of o and o ai the 
suríace of the sphere. Hence, 

ρω" = бше" (18) 
and therefore a constant, Also 


g = ων SCH ad Ф GM 


GETI 





2 oF E (SE. (14) 


Equations (18) and (14) ensure both the conditions for integrability. Now from 
equations (1) and (2) we have 


pa f eto [ωπάτεο, 


where C is an absolute constant. Substituting (14) and integruting we have, 


` 


p= % [- a (ο) zer) +0, (15) 
If p= p, where r=0, š = a, і 
- Le tL 60M ο) [Ὦρι ү | (16) 
у а oe cumba 3 
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Hence substituting in (15), we have 


-. θο 2р, 
τ. 








a ` 


pe GM el | UT) 


OBSERVATIONS 


(). Equation (17) shows that the spheroidal form is possible if 





2и -ωρ > 0 
DÉ 
c? < SM 
a 
ie., 
w < 2 . (18) 


where g is the attraction at the surface of the sphere. But w, is the angular velocity 
at the surface of the sphere. Hence, the spheroidal form is possible if 
аш," <g 
or the centrifugal force at the equator is less than the attraction there. 
(ii). Again, it may be noted, that if (@M/a°—w,”) is positive, 


But the equatoria! and polar semi-axes are respectively 


EE 
and ` 
dan GM ayn | (GM сүв 
Hence, the spheroid is oblate. ZELLE 

(iii). Besides, the equatorial extension is inversely porportional to the excess of 
СМ Ја? over ως" that is to (g—aw,”)/a, or to the excess of the attraction at the surface 


over the centrifugal force. 
(iv). If a and β denote the equatorial and polar radii wo have 


а = @р„/в GM [af / (GMJa'—u)P; B= poloa + а) /(GM ja?) (19) 
The ratio of the axes > 
в = (GM| en! (GM ja? о) = V g[ /(д— gel (20) 


The eccentricity 


e = woy (afg). (21) 
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(v). The total mass m of the atmosphere satisfies m, < m <m, where ` 


В а 
s f E and iue / 4n R^ od R, 
Os ' "o 


On evaluation we find 


m, = ἄπρι -αἳ (y -1} ‘and ma = fro OI (5 ) - a} (a) 


(vi). The results ( (v) show that, the total mass of the e may be made 
arbitrarily smal] by diminishing e, sufficiently. That is, the neglect of the self-gravitation 
of the fluid may be justified if the density at the surface of the central core be sufficiently 
small. j | ` 


(vit). The total volume of the atmosphere Pa 
= deber eo? = fra’ {(2Pol 0+ 9)" ... 
inde frat = frat ID" ὃς aL. (28) 
3 
Case ll. Equilibrium in the form of an anchor- “ring. - 


As before, let us consider a mass of frictionless fluid rotating steadily КЭ ап axis 
of symmetry. The system is supposed to have a heavy spherical attracting nucleus 
situated with the centre at origin and so heavy that the gravitation at any point of the 
fluid may be supposed to be due solely to the central body alone. 

The equations of motion of any particle of the fluid, in cylindrical co-ordinates are 


š ; „= DÉI. 1 Әр ` 
: or = Or 2 8r (1) 
_ _ 0b, 1 δρ Я 
ize "rr Se (2) 


29 = AA 
os in case I, 
Ав a trial solution we pub. . 





р = 20 fa? 24 —(r—0)} AE (24) 
so that Ut 
p= p nb r=c, # = 0 25 
Therefore, А wb) 
OP _ 2p. ob .— GM T ^ 
ντα. $ ΞΕ 
and , where №2 = τὸν”, 
Op _ _ 2p,.* 9b _ GM8 
Da a2 > , Os AR ) ` ` E 
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Substituting these values in the equations of motion and evaluating we have 











9 ` eR? 
| e= i = m . (26) 
di = EE = 900 SS *, (вау) (27) 
Equations (26) and (27) show that 
ee | Є а. (D gu? ër? А | (298) 


and -hence po* is a function of r alone. 


and hence ρ is a function ‘of Ф alone or vice-versa. Thus, assumption (24) satisfies the 
necessary conditions cf the problem, with the density and the angular velocity determined 
by equations (26) and (27) respectively. Hence we may conclude. that the vaiues of 
Ф, р, о, о given by equations (10), (24), (26) and (27) respectively furnish us with a 
solution of the problem considered. We shall now Poen to deduce the physical ` 
consequences.of the solution, 


(i). -Pressure: The equation (24) indicates that the fluid is in equilibrium in the 
form of an anchor-ring, the centre of its meridian section being al a distance с from the 
centre of the attracting sphere and its radius being a. The surfaces of equal pressure 
are all rings of the same nature with merely the radius of ‘the: meridian section altering. 
The pressure, which is necessarily positive everywhere inside, vanishes at the outer 
surface. 


At the centre C of the meridian section the pressure is given by ' 
p = Po 

Again 
9p.. eee, P. = 
Ө 0 ab r=o; a ab ϱΞ0 

Further from 
Sp -— Se, DR. Sp, BP oo 

_ eri a? Oz? -ᾱ-᾽ 995 ` 
we conclude that the pressure is mazimum at the point. š 


(й). Density: From equation (26) we have 


E R? i | 








р == 


.. Q7 0, at т= 0, 8 = 0. 


Hence, the density of the fluid at the centre of the circular section ів оь. Р 
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Or, . : i : 
at the point C, Now, 





2po.0° _ 2p.c 1 2p,.C 
EI ^ ὧν ам [о? a (80) 
where, g, = the attraction at C. 

Equation (26) shows that the density increases outwards, the surfaces of equal 
density being parts of a sphere. A and B being the points nearest to and farthest from 
the centre of ‘atiraction, the rarest parts-of the fluid collect at A and the: densest at.B. 
The density changes monotonically and hence possesses neither a maximum: gor. а 
minimum. ` Further SÉ Ὅν ὃν ο i 


£4 — (es o9) (0—a)* _ - 


VAS} +30 
> = ως ANA sika Ge 
юв (0/03) (с + α)᾽ с+а 


с 
а зубр ауд: 
Hence, the ratio of the ахта] distance of the core of the ring to the radius of its meridian 


section is determined entirely by the ratio of the highest and lowest densities of the 
fluid—a rather remarkable result. 





(18. Angular velocity: From ИТЕ (27) we have, 


ы = GMO _ ωι.οἳ 


TR? ΤΗΣ 
АБО, т= 0, ¢=0, Б = т = с. Therefore, 





ш? = wel, 

That is, о, in the equation, CES the angular velocity op the e of the meridian 
section, 

Equation (27) shows obviously that o diminishes outwards along the equatorial 

radius, being the greatest at A and the least at B. Now 


P 


where g, is the attraction nt C, the centre of the meridian section. Thus, 


wd = 9% (81) 
с 
That ів 
002.0 = Jo 


Hence, the centrifugal force at C equals the gravitational atiraclion there. 


(iv). Total volume of fluid in the ring: 


The total volume of the rmg = та?.2то = 2s'a*c— Qn’, SC 


` 


from (80). | 
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us punitur 
De ος GM Y e 
Or м = 480 1 
G e, V 
= ἀπ᾽ 4 1 : | | | | i т 2 
я a" Te (82) 


i £ La 
where m, = mass of a fluid of the same volume as the ring but having π΄ density equal to 
: gj. throughout. ` 
In conclusion, I must thank Prof. N. R. Ben for-his encouragement in the 
preparation of this note. 


Rivon Gotgeg, - 
CALCUTTA 
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ON A TYPE OF NON-STATIONARY TURBULENT WAKE 


By 
М, Ray 
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The velocity distribution at a considerable distance downstfeam in the wake behind 
а symmetrical cylinder has been calculated by Schlichting on the momentum transfer 
theory and has been extended by Goldstein (1988) for the wake behind a body of 
revolution on both the momentum transfer and the vorticity transfer theories. The case 
they considered was when the motion ia steady. In the present paper а special type of 
non-stationary motion has been considered. It is the case of the dying out of a steady 
wuke beginning from the tail upstream. The initial decay factor is given by an exponential 
terni e-—cmst.z and the wake disappears with time. 


‘4. WAKE BEHIND A SYMMETRICAL CYLINDER (TWO DIMENSIONAL MOTION) 


A cylinder with generators at right angles to the undisturbed flow 18 placed in a 
stream, the cylinder having a plane of symmetry parallel to the undisturbed flow. Let 
z-axis be parallel to the undisturbed flow and in the plane of symmetry, the origin being 
sume unspecified point in the neighbourhood of the cylinder. Let и, be the undisturbed 
streim velocity, and Ίρ-- 1, be the mean velocity parallel to the undisturbed flow far 
downstream. The pressure-gradient may be neglected and the cquation for the ‘first 
approximation to u when (u/u,) 18 small, are, ‘on momentum transfer and vorticity 
transfer theories, | 


δι Өш Ὁ ( ү 1Р 
δὲ ige 94, Lë SR 
d u 8 pu IT 
δὲ We І By By? (TT) 


where l is the mixture iength. 
We have to solve the above equations subject to the following boundary conditions. 


(a) Since the wake is symmetrical, E 
I Ou — 0 when y = 0, (2) 
Əy 


and - . 
(b) at the edge of the wake, in order that the velocity may prss smoothly over 


into that in the main stream, 


u=0, and S%=0, when у= ys. (8) 
_ y; 


when 2y, is the breadth of the wake at any section, 


5—1642P—3-4 
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In order fo solve the above equations, we first make the Απρ anew 


Prandtl, that! is constant over any one section of the wake, and put ` 
` u=u(zy).exp(—-Aut), P = (x) exp (Au,t). (4) 
These substitutions in (1) reduce them to. 
Du j Ou 9*u 
"tree = — ? бу oy? (5P) 
and 1 
I "at "Me ед p Өч ^и, (5T) 
° Ox δη Әу? 


D 


The two equations are identical except in place οἱ 21° in (P) we get 1? in (5T). 
Hence both the theories give the same velocity distribution, only the value of 1 being 
different. We shall now solve (5P). То do so, we make the following assumptions for 
Қа) and u(zy), for which we now write simply l, and u respectively. ` 





= = u f). 
1 = φία), n = yea), и, = Vr) (6) 
With these assumptions, (5P) becomes 
Y'(z) Ф (ο) = —2 р), 7 
мо) + Y Ce a /* Š ter nf) πσπο ΓΙ) | (7) 


where dashes denote differentiations with respect to the corresponding arguments. 
Let us now put Í 





yle) _ Ф(@) _ z 
' dei ^" gia) Hone) ο. 
so that 
(ж) =ав®®, g(a) = be"? and abeto? = с, 
су =—су= —0, вау 

hence 

Ya) = ae, gla) = be and T= бее, q= len, x - zn) e. (8) 
The equation (7) now becomes 

(A=o)f(n) + nfn) = Tiir), (9) 


We see that A = 2c gives the equation for stcady motion. Writing ki = abc, we obtain, 
as for steady moticn, 


Ha) = Ve {L a/g). (10) 
- This gives 


3 οὐ γῇ (ο 3. οχρ [--βοία-ε web, (11) 
D 
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and 


= b* exp {3ο (ας θὰ = bz. esp pote rest | (12) 


This is a solution of the equations of non-steady turbulent wake. It admits probably of 
one rational interpretation. The expression for u is of the form U stationary Multiplied 
by the factor exp (—2c(z--u,)]. This represents the travelling of the stationary condition 
upstream with velocity ο. The expression for u shows а possible way of dying out of Ње 
turbulent condition which at one stage was steady. If initially at time t= 0, the 
extinction factor be represented by a term proportional to g—tonst, w, formula (11) shows 
how the turbulence decreases with time and ultimately disappears. The same formula 
shows that this extinction proceeds upstream with velocity τρ. But this interpretation 
is defective as y, in this scheme initially is proportional to (Yo) stationary X GI Ye and 
does not depend on time, whereas P increases with time. In any case, it is but a very 
special type of extinction of the turbulent, condition, 

There is one test of the correctness of the form of и whioh has been used by 
previous authors viz. the calculation of the resistance (drag) from the principle ot 
momentum. The momentum equation can be easily written down in the case of steady 
motion but in the present state of unsteady motion, this 18 not овву specially as the ` 
pressure distribution in the turbulent wake is not calculable by the usual means. 


9. WAKE BEHIND A BODY OF REVOLUTION 


When a body of revolution 18 placed with its axis parallel to the main stream, let 
z-axis be along the axis of symmetry and т denote the distance from that axis. If u, 
be the undisturbed stream velocily, let ч, -и be the velocity parallel to the axis ‘far 
downstream in the wake. Then on the momentum transfer theory, the equation 
for u is 





σα ou _ _ 1 9 (Ey . H 
a Or 7 ү дт | dere? 


On the vorticity transfer theory, when the turbulence is isotropic, the equation is 


ди ди ди (δι, 1 ди 
WEE (1971) 





δὲ Gc т Oe] 


and when the eddy ing motion as well as the mean motion, is ву mmetrieal about the axis, 
the equation is 








Ou u OU падн (Stu 1 on), 1813 
a ee т\ш TO ч a 
With the assumptions . : 
u = u(er).exp (—Au,t), Ë = P(zx)exp Quest). (14) 

and ; 
U(x) =-@(z), =a Ë vier) _ а) (15) 


ail un di 
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we get for (18Р), as in fhe case of two dimensional motion, the equation in їп Ше form - 


- P 
б—с)уб)+ ort) = ὦ forores P9. в) 
9 š 
Here À = 8c gives the oquation for steady motion and writing k* = abc, we get the same 
equation as (10). 
` ‘Thus for the momentum transfer theory 


£ rtf - (2) ү exp {—c(2a + 8u,t)]. (17) 


Exuctiy the same interpretation on the non-stationary character of the wake muy be given 
asin the case of two dimensional motion. ~ 
For the equations (18T1) and (18T2) the equations in are 


a) = L frere) TD 18a, b 
Р (А с)/(ц) + enf) = a6 FQ) + ES (18a, b) 
Here: also the problem reduces to that of steady motion with А = Be and abc = 1. The 
equation (18b) has no real solution whiie (18a) has в solution in series for small values of 
η in the form 


f(y) = a— 4y (a[8);PP Vi + enn (19) 


With e = dg, the solution (19) is very near the solution (10). Thus in the inner parts 
of the wake, the two theories give almost similar solutions, as in the case of steady 
motion, but in the outer parts Taylor's theory fails to give any correct solution. 

Thus the problems of non-stationary wakes in all these cases are reduced to those 
ot stationary wakes, the non-stationary character being exhibited in the velocity 
distribution by & wave factor. ` 


Жж 
Аавл Оогтвав, 
AGRA - 
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κ. | s 
FURTHER GENERALIZATION OF THE NOTION OF ΄ 
RELATIVELY PRIME IDEALS 
* I pcs Bv 
LanisLAs Fucus 


(Communicated by the Secretary—Recewed November 11, 1947) 


1. INTRODUOTION. In a previous paper (Fuchs, 1947) I have introduced the notion 
of relatively primary ideals as-a generalization of that of relatively prime ideals. The 
definition was as follows: gis relatively primary to h if a congruence mg = OI) always 
involves m = O(rj[r denotes the radical of h]; . ` i 

The present little investigation is devoted to continuing to generalize this notion 
in such a manuer that in the definition we use an arbitrary ideal J for-the radical and we 
say: £ 18 relatively prime to h with respect to J. After introducing this generalized 
` ‘conception we shall show some of its simple properties. Then it will be inqu'red under 
what conditions an ideal g is relatively prime to h with respect to J]. In finding such 
conditions one meets some diffieuities, since the new notion is fairly general ; therefore 
we shall make certain restrictions which make it possible to get a necessary and 
sufficient condition. This result yields the main theorem on relatively primary ideals 
88 8 special case. ` 

Thé method dealt with in the sequel is similar to that used in my quoted paper. 


2. Definition. Let R be a domain of integrity with maximal condition. 


The ideal g is called relatively prime to h with respect to J, if, whenever an ideal 
mof Ris such that mg = 0(h), we can infer that m = О(}), that is in words: if no 
product of g with an ideal m 18 contained in h without m being contained in J. 

-Throughout the ‘paper -we shall symboiically write: {g; h, J} in the place of ''g is 
relatively prime to h with respect to 1’. ` | 

16 is worth noticing that {g;h, h} means: gis relatively prime to h in the common | 
sense, further, if Р denotes the radical of h, then íg; h, г} expresses the fact that gis 
relatively primary to h. ; 

3. Preliminary Theorems. Our first purpose is to deduce the simplest properties 
of this new notion. ΄ 

Theorem 1. If there exists an ideal g at all for which fg; h, 1}, then J must be a 
divisor of h, 

In fact, hg = O(h) implies by hypothesis h = O(J). 

Theorem 2. If {g; h, 1}, then | : 

(a) for every divisor g* of g, 
- (b) for every multiple g* of g, 
(c) for every divisor ]* of J, 


r 
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there holds: 
Š íd*; h*, р 


For the proof we take into account that 


méi = O(h*) 
involves = 
mg = 0(h); , e 
thus by hypothesis, 
I m = OU) 
and hence 
: Š m = 0(j*), Q.E.D. 


Let us now pass to the proof of 


Theorem 3. Jf {g; h, ј.} and fg; hy, Ll then also {g;h, J}, whero h is the 
intersection [the lcast common multiple] of h, and h,, h = h,nh,, and J із that of 
lh and ja J= j, Nje 

Since the congruences 

mg = 0) = 0(h,) ( = 1, 9) 
require i 
m =0(}) fo i=1, 2, 
therefore, indeed, we have 
m = 0(j) 
which proves the assertion. 

š. The Main Theorem. Next we turn to the problem of determining a necessary 
and sufficient condition in order to decide whether an ideal g is or is not relatively prime 
to h with respect to J.: For doing this it is necessary to order an ideal J to every ideal h 

„of the ring R. By Theorem 1, the ideal ] ordered to h must be a divisor oth. In 


. addition, for the sake of further investigations, we place a restriction on the system y of 
' ordered ideals, namely we aesume it being subject to the following postulate : 


(A) If j| and j, are ordered to h, and h, respectively, then let | = J. Ω j, be 
ordered toh = h,Qh,. Thatis, the ordered ideal of the intersection. of two ideals 16 the 
intersection of the two ordered ideals. 

Postulate A seems to be no strong restriction, since cvery interesting special case 
possesses this property. 

Let us notice that some ideals may have the unit ideal as ordered ideal ; moreover, 
the system y may contain no other ideal than o! 

Now suppose that an arbitrary ideal h is represented as the intersection of the 
ideals h,,..., h, in such a manner that е 

(I). πο two of the ideals j,,..., Ìn ordered to the h, are equal [this will be the 
саве as soon ав one contracts the components with the same ј;]; . 

(2. if by = jin OG, Ol. Ώ νο  Ω 5 000, then a, = h,n.. ..nh nhi, 
N... Aha ie relatively prime to ў, ien {a3 jo h} - 

Also this condition may be satisfied after certain contractions. 

By (A) it is clear that J=] n... nfs is the ideal ordered to h. Now omit 
successively all. the j; whose omission does not alter their intersection ] Let the 
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remaining J; be denoted by ],",.. к: LI, (where т <n) and the components they are 
ordered to by h,*, ..., h,*. Cleariy, ј = je ω.. αν and no },* may be omitted. 
` Now we are already in a position to formulate and prove our mam theorem. 
Theorem 4. {g; h, J} if and only if (d; h, Lt holds fors =1,...,7. 
The proof of the sufficiency is almost evident: Theorem 8 implies by induction that 
[g;h ας паго}, 


i.e., because of п... n )," = J, 


š ; CIS GRE EIE : 
further, Theorem 2a involves owing to h^ n... nh, 2h,n...nhb, = h that 
d {6; h, J}. 


Consequently, the condition is sufficient. 
To prove even its neceësity, let us assume 
n mg = O(h,") А 
and take for the sake of convenience h, = Ἡ, which can always be attained by а suitable 
arranging. The evident congruence 


ai = O(a,) 
together with (*) leads us to 
ma,g = 0(a,h,”) = об). 

Hence we conclude, by the hypothesis: (d; h, j}, Шаб - 
| "ma, = 00) = 0,7). І 
Recall that J,” was ussumed not to be omissible in the representat ор of J. therefore, 
р; Æ 0(};) and so, by requirement II, а, is relatively prime to J). For this reason 
it follows 

: m= 00.) 
which completely establishes the statement. 


, 5. Applications. First we shall apply our results to the case when J is the radical 
of h, that ів, to the theory of relatively: primary ideals. In this case j = r Dh, and 
pestulate A is clearly satisfied, We only have to examine which representations of h 
satisfy І апа Il. We state that the shortest primary representations do. Indeed, now 
the J; are just the prime radicals of the primary components g, and thus I necessarily 
holds. In addition, if b, Æ 0/]) i.e., j, = р, ів а minimal prime ideal of h, then a; is 
relatively prime to p,, since a, 56 Ofp,) and р; is prime. We вее that Theorem 4 rays: 
g 18 relatively primary to h-if and only if if is primary to all ihe isolated primary 
components of h, This is the same result as we have already got in my quoted papor. 
Let us now see how our ‘condition looks like in the special case of the relatively 
prime ideals, Postulate A is now a simple identity; requirement I for the representation 
of h is trivially satisfied, while II says that to every component of the representation the 


D 
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‘intersection of the others is relatively prime., Among the representations ot an ideal the 
relutively-prime-mreducible representation is the most general one which satisfies this 
condition Thus Theorem 4 expressés the fact that g is relatively prime to h if and only 
if g is relatively piime to each relatively-prime-irreducible component of h. This result 
is not the best one, since it is not so sharp as that got in the usual way by making use of 
‘special properties of relatively prime ideals (cf. Waerden, 1940, p. 86-37). 

Finally we shall show an example which has not yet been examined. Namely we 
get a new system of ordered ideals by ordering the unit ideal o to every lower* primary 


. ideal and every upper primury ideal to itself As we know, by omitting all the lower ` 


primary components, cf h in one of its shortest primary representations, (n7) will be got. 
Thus in this way the ideal (h) " will be ordered io the ideal h. That this system of the 
so-called o-ideals (Krull, 1985, p. 118) satisfies A, is well known.- We shall get a 
representation of h satisfying I and 1l after taking the shortest primary representation of 
hand then contracting all its lower primary components. Applying Theorem.4 for the 
Present case we are led to the following result: ὁ is relatively prime to h with respect to 
(ar if and only 1f it is relatively prime to all the upper primary components ої h with 
respect to themselves, that ів to say, if and only ij Е is relatively prime to (hn)^*. 


BUDAPEST, HUNGARY. 
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ON AN EXACT SOLUTION ΟΕ DIRAC ELECTRON IN ΤΗΕ, F IELD 
OF ELECTROMAGNETIC RADIATION 


2: | By 
` N. D. SENGUPTA 


(Received October 11, 1947) H 
INTRODUCTION 


The subject of this paper ia to find an exact solution of the Dirac equation of an 
electron in the field of a plane electromagnetic radiation. A first order approximate solu- 
tion when the radiation field is monochromatic has already been used by Klein and Nishina 
to calculate the intensity distribution for Compton effect. The solution here obtained 
is of the same nature as that was obtained by Volkov (1935) with a special choice of axis, 
It is interesting to note that four-dimensional generalisation of Volkov’s solution follows 
easily, As in the case of Volkov, here also the solution can be extended to the case where 
the radiation field is not monochromatic, : 


΄ 


ΝΟΤΑΤΙΟΝ8 


The following notations in four-dimensions will be used throughout tho paper, 

A stands for n 4-vector conjugate to A, whose space-components are opposite to A 
in sign. - ; 

(AB) stands for the scalar produet given by 

(AB) = A,B, +4,B,+A,B,+4,B, 
while (AB) and (AB) are given by 
(AB) = A,B,—A,B,—A,B,—A,B, = (AB). 
N stands for the four-vector with components 
Ka (hie, bie, hmjc, hnye) 


where !, m, n are direction-cosines of the progressive direction 0 which is thus given by 
= (NR) = л —I2— тупа] 
D 0 


= Zelt are) 


where ËR is 1/27 times Planck’s constant h and u stands for Jet ту +nz. 
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Further following the convention of the relativity theory the summation symbol will 
be mostly suppressed. The following abbreviations are also to be noted 
(Ас) for A, +А,0,+ A oS Ayo, , 
(Ac) or (Ao) for 4, du, das Aso, 


where c'g are Pauli matrices. 


ΤΗΕ SoLUTION OF THE DIRAO EQUATION 


Dirae's Equation of state for an electron in an electromagnetic field сап be con- 
veniently be written in the following form 


h[1 Ə απ πο TEES 
152+ па = ~me | om: 
I [2-98-64 = -mey | 


where c's are the Pauli matrices, k stands only for the врпсе components. A,, Ay are 
the eleclromagnetic four potential defining the radiation field, which we take to be a plane 
wave progressing in a fixed direction. | 

The fact that the field 1s plane and therefore function of the one-dimentional linear 
parameter 6 suggests the solution to be of the form I 


d = P(£).exp = 8(0) 


i (2) 
г $ = @(8).ехр x S(6) - 
r 
where S and the matrices P, Q, are function of parameter 0 only. 
This substitution transforms the original equation (1) to 
1 58 = 2 "e το | 
| δὲ TOR кар Р <[Ao]P + тед = 2 δὲ TER. T 
1 98 28 | е EE 26 | 
ER δὲ Ti Q σ]4σ]9 + mcP = ο δὲ Të 
The characteristic equation for S is obtamed by neglecting the right hand side of (8) as 
198 е, 1’ Tag e, à á 
Saal -ee =o z 
It ia interesting Lo point out here that D 18 also the Hamittonian of the classical theory. 
Now we can assume 2 
8 = —(pR)—hF(6) (8) 


where р is energy momentum four-vector and F(6) ів n function of 0, 


EXACT SOLUTION OF DIRAC ELECTRON, ЕТО. 
` Thus the equation (4) becomes 
2e d 28, Xnpa e? 2,3 
(рр) + 2(pN).F’(6) + PA S (NA) (NN)F (6) + a 44) = mo, 


But if we remember Е 
Y (NN) = 0. 


Again as the wave is transverse 
3 (Nj) = 0 
and if E 
(pp) 2 m?c* 
lhe equation (6) leuds Lo - i 
a (рд) οἳ (АЛ) 


"e QN) 2c φῆ; 
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(6) 


(7) 


Now since A is a function of the parameter 0 alone, Ε(θ) can be obtained by quadrature 
form (7), as was first shown by Gordon (1927). Coming back to (8) and substituting for 


8 from (5) 


{фә PNG) + ask P-moQ = 1009) 95 


[o> WEEK * (4a) тор = 1 (No) 28 
Therefore 


Too) +F'(0(No)+ 5 (4ο) Too + rm +É (ἀὴρ 


—me [mor +1 (No) ве] = {ῳο) +F'(6)(No) + ` (άσ)} We) S . 


We observe the following identities which can be easily verified 
(po) (po) = m?c? 
(po)(No) + (Мс) (ро) = 2(pN) 
(Ασ)(Νσ) + (№) (До) = 2(AN) = 0° 
(Мо) (Ме) = (NR) = 0 


and 


2F(6)(pN) + ©. (pA) + (Ad) =0 
Thus (8) reduces to 
SN) SF = (о) (ро) + Zus SE -- n ff. 


Again differentiating the first equation of (8) 


(8) 


(gA) 
(9B) 
(90) 
(9D) 


(98) 


10) ` 


[oo + * (da) де + * (S5 ο) P+ FOND) 95 + P'((No)P — -mo = x 1 (е SE? 


90 
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from which follóws the following relation by making use of the identities (0) 


дрі) = — * (No) (да =) P (114) 


Similarly 16 can be shown that 
39 — - ° мә (84) 
2(pN) δρ z (Ne) 50° © | (11В) 
These variational equations (11А) and (J1B) are solvable firstly multiplying (11А) by 
(№) and (11B) by (No) we get 
~ OP 
No) — = 0, 
(No) a | 





(12) 
(No) ao} . 
ie., | (No)P = const. = it, 
Secondly we note 
ме (бга) = * (882) - (фе) ә 
and 
S9 94) 
N = ).= x 
(95). 
us в consequence οἱ (NA) = 0. 
Thus 
ӘР ο(δά ) 
рМ) 95 = & (94 
‚ 2(pN) $67 2\60)” 
or ~ » 
2(pN)P = " (Ao)n + ш 
i.e. _ @ = Е 
2{Ν)μ = — < (А0) (№о)р+ (Мо) 
We muke use оѓ 
SE = 0 
~ од)" ké | 
Thus wo have | jus [ Nu гене] p í nad 
Ze (pÑ) 
and similarly 4 : 
: i+ Š (4σ)(Νσ) Ч 
| e-[ez o de (18B) 


where ће eonstants P, and Q, are the solutions of the respective equation in the absence 
of the field, i.e., of the equations 


(po)P, = meQ, | αν 


(po)Q, = тор, 


a 
EXAOT SOLUTION OF DIRAC ELECTRON, ETC. 


Hence the integral ої the Dirac equation (1) в 


tSo Si [1+ @ gh ТА 


20 (pN) 
1 Ac. 


The solution of the equations E to (9) ure given by 


иене Bef- μὴ 


(WN) 
tn e ο. 


an interesting feature of the solution. 
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(15) 


(10) 


Let us try to build up the charge und current density corresponding to a fixed value 
of vector p from the above solutions of the equations, or in other words we find the values 


of the expressions . 
YPN) pe) 
ү'!(р)сьй(р); e'(poie(p) 


Wy = Ww [1+ ош [i+ £ j ў 


апа 


(pN) LN) 
= 1 е (№) Ας) e (Ασ)(Νσ) 
ψ]σιψ = py [1+ EM (p N) ] n [1+ ёс (pÑ) Ia, 


und similar expressions for $'s. ` 


Now it E and H are the electric and the magnetic vectors respectively 
в = [ вв = NyAy— 41, 


and 
hee Јна = ΑΧΝ 


(Νσ)(Ασ) = — (вр δν) σι 


(Ασ)(Νσ) = — (eg +1). 





dg = Al LÁ Bron + 2 (ate Bats pell, 


(pN) 2c*(N pY 





6 Bytlo хь e РЬ e? race |y, 
с 


tey = d tfo i Я З 
Ve σιψ | Yo [ k (pN) 903 (Np) 20° (Np)? 
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whore P is the Poynting vector and T is Maxwell stress-tensor. These expressions (17) 
shows that the radiation field may be looked upon as.effecting a transformation of the 
σ and the transformation matrix is given by 








A? А? д? fj Ы A? 
l+ > Т, gy Tisha, gy Dis t Alte, x y 
3 D 
Ἐ Tit Ah, TT MES Т 
e e (18) 
АЗ $ A? 
AR, P. EN ; T ; it 5H 
where A = = ος The matrix (18) may be simply written as the sum of tl ree matrices 
рМ). 


I—AF-A*T, 


where F is 4-dimensional antisymmetrical electromagnetic field tensor and T 18 the 
4-dimensional energy momentum tensor, ° 


Тнк GENERAL SOLUTION 


Now as the differential equation (1) is linear, the most general solution is obtained by the 
principle of superposition. - 
Thus 


dus f = ЕЁ. [1+ s; Gay | oe | 


= tg в (Ασ)(Νσ) 
ф = f z 8. [1+ Bm $o(p)dp 


(19) 


AN 


On account of the relation existing between the energy and momentum namely 
_(pp) = т?с? the integration is to be extended over the momentum space only. If we 
restrict ourselves to the positive values of p allowing however р'в to assume positive 
as well as negative values we will have to consider both types of solutions as constituent 
of the above packet. i 


CONCLUSION 


With the help of the solutions developed here it is possible to study rigorously all the 
problems relating to the interaction of free electrons and radiation. It is not very much 
unexpected that a rigorous calculation will lead to some important conclusions as these 
problems up till now have been studied by approximate methods and also making use 
of the theory of field quantisation which are not always beyond question. 
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In conclusion I want to express my thanks to Prof, 8, N. Bose for his kind guidance 
and helpful encouragement throughout the preparation of this paper. 
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ON THE INADEQUACY OF MEASURING THE PEAKEDNESS 
OF A DISTRIBUTION CURVE BY THE STANDARDISED 
FOURTH MOMENT 


By 


M. С, CHAKRABARTI 


(Communicated by N. M. Basu—Received December 20, 1947) 


1. The common practice of measuring the peakedness of a distribution curve in 
relation to the corr sponding normal curve by the standardised fourth moment is known 
to be defective, Recently Kaplansky (1945) has given illustrations demonstrating this 
fact but owing to long usage, Lhe practice has become so deep rooted that the examples 
cited may be looked upon by practical statisticians as far-fetched and pathological in 
character. The object of this note is to demonstrate by distribution curves of statistics 
coming from well-known statistical populations that the peakedness ofa distribution curve 
in relation to the corresponding normal curve 18 independent of.the sign of (8,—8) where 
В, stands for the standardised fourth moment. Tt is believed that the examples given 
bolow have not been discussed in the present context anywhere in print. 


2. Let αι, 2, ..., t, be a random sample of size n from a rectangular population : 
piz) = R^, 6— RÍ2  z —6-- R[2. Tei the minimum observation be denoted by u апа 
the maximum observation by v; then the distribution law of the statistic t= (u--v)/2 
ів given by I | 

p(t) = (n|R')[R-2[t—8]]*7, 6—R[2xt-0-RJ2 š (1) 


This is a symmetrical distribution about the mean 6 and all its odd moments about the 
mean are zero. The (2k)th moment about the mean b 


EH 2К+т m Р 
Pox = R ; k=0,1,2,... 


2h 
whence 
= 6(% + 1)(m + 2) = 6 _. 431510 | 
2 (a+ 4)(n +8) (n +4) (n +8) 
Now 


dn +10 ; ο. 
ew аст > ў if 84+n—n?>0 
Le, if n (088 +1)/2. 

; 2 
А The modal ordinate of a normal curve having σ᾽ = στ τη is 


Rf(n+1)(n+2)/a}t = n R7 (14 n7 (8n4+2)]/att -nR7 for n z 2. 
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The cases n=2 and 18 provide, therefore, examples of distribution curves more 
peaked than the corresponding normal curves although having negative kurtosis 
(8,—3 < 0).. Е : 

When n is given non-integral values, the statistic Ё loses its old physical meaning 
but (1) may still be regarded as the equation of в distribution curve. The following two 
cases are of special interest : 


( n= SH : In this саве 8, = 8, but the distribution curve is more peaked 


than the corresponding normal curve. 


T _3+м(1-+8л) | 
„Жыла сеш 


corresponding normal curve are equally peaked at the mean (mode). 


In this саве 8,—8 «0, but the distribution curve and the 


.8. Rietz (1986) has considered a set of points (z, y) uniformly distributed over the 
parallelogram whose corner points are (αι. b,), (a, bs), (ba, ba 4-b,—b,) "and (αι, ba) where 
4,2» 4,2» 0 and b,>6,. The regresson of y on xis linear and the line of regression 
18 given by 2 











E А f y= A: η Е 
Let 
t= ys e --αι)-- Ach 1/5 
Then 
αγ ταν _b,—b b,—b, 
| sit when DUE. дт, ' 
p(t) = 4 Xp [ος —b а) а 2 | 
Ka i КИ 
when either "sch b, <t <? -i or SECH L <t < KE . 


This is а symmetrical distribution about the mean zero and its odd moments about the 
mean are all zero. Denoting by д, and μι, the second and fourth moments about the 
mean, we get easily 7 

= (b, —b,)*/(12a,a,) 

TE {b= b yY (Aa a a + (10, Έα. 
whenee 

a: = 3 а tay ra" 
5 a, (ts 


* ΄ 


The following three cases are of special interest : 

(Ü a, = (2+./8)a,: In this ease | = 8. The ratio of the modal ordinate to the 

ordinate of the corresponding normal curve is 2/ / 7 77 1 We have, therefore, an interest- 
9—1642P—4 
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ing distribution curve for which 8,=8 but which 1s less peaked than tho corresponding 
normal curve. | З : 

(п) a, = a [3/2 D + y {(12/7-1)?-1}]: In ihi case B,—8 > 0, but the distri- 
bution curve has. a’ peak equal to that of the corresponding normal curve. i 

(а) da= ca, 2+ γ8 «ο < 02/2—1) - y ((12/a—1) — 1]: In this сазе B. -8>0, 
but the distribution curves are less peaked than the corresponding normal curves. 

A Let us denote by yy the modal ordinate of a distribution curve and by уу the 
ordinate of the corresponding normal curve, We have seen that there are distribution 
curves for which І 


В. < 3, Ух = уч} 
В. <8, Ук < Jx; 
, B, = 8, Ux > Yu _ 
`В. = 3, Ux < ум} 
В, > 8, ух > ум; 
В, > 8, ух = ум; 


Ав cases where (1) 8, < 8 and yy > yx (ii) Ba 8 and ух < ух, abound іп statisti- 
eal hterature, they are not specially cited here. ` We thus see that from a knowledge of 
В, we cannot: determine the relationship between yy and yy. 
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ON ZEROS OF QUASI-ANALYTIC (B) FUNCTIONS - 
By 


Z. ZAHORSKI 
= (Communicated by the Secretary—Recesved November 20, 1947) 


We call a function f(z), defined for а €Z, where Z is & set of complex numbers, 


quasi-anatytic (Bez) on Z, (where {eg} із a sequence of positive numbers, lim e„=0) when 
пу 


a sequence of natural numbers {нь}, and a sequence of polynomials {P,(z)} can be chosen 
во that P,(#) is of degree Np Ny Э + co and 2 


| /(#)— Ρχ(α) |< εν, for every в € Z and every k. 


We define the derivative of f(z) on Z as the limit of the differential ratios between a 
constant and a variable point, both belonging to Z, when their distance tends to 0. The 
derivatives of higher degrees are defined in an analogous manner. When Z is the interval 
[0,1] or the cirole [2| « 1, then the following theorem is valid: the convergence of a 
sequence of functions and the uniform convergence of the sequence of derivatives implies 


that the limit of “the sequence of derivatives is equal | to the derivative of the limit of the- 
sequence of functions. 


In particular, a quasi-analytie function (BS), O< 8 < 1 is called quasi-analytic (B) 
(in the sense of Bernstein). 


M. St Mazurkiewicz arid Miss H. κο (1985, 1987) had Е that 
a quasi- analytic (B) function in [0, 1] vanishes identically, when it vanishes on a set of 
transfinite diameter >0, the more when it vanishes on a set of positive measure. It 
does not necessarily vanish, when it has derivatives of all degrees = 0, even when it 
vanishes with them on a set of points of continuum- -power. The purpose of this work is to 
construct an analogous example in the circle |z |< 1, with some generalizations: We 
shall namely prove the theorem: | 


For every sequence of positive numbers fen} and Jor every perject set E o) points z, 


fulfilling |s| = 1, there exists a function f(s) quasi-analytic (Bep) in |2 | [x 1, possessing all 
derivatives quasi-analytic (Ben), that docs not vanish identically and such that 


f(z) = 9 = 0 
for every n and every z€ E, C Е, where E, is of continuum-power, 

The present work follows the lines of M. Mazurkiewicz and M. Bzmusgkowiezowna ' 
with the exception of Lemma 1, the proof of which in the work of M. M. Mazurkiewicz- 
Szmuszkowiezowna is based on the theorem of Weierstrass about the uniform approxima- 
tion of в continuous function by polynomials in [0,1]. The analogous proof in the 
complex domain, where this theorem cannot be applied, presents serious difficulties. The 
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lemma itself differs somewhat from the corresponding one of M. M. Mazurkiewicz- 
Bzmuszkowiezowna and its proof is based on the properties of the function exp( —1g"azg). 


Lemma 1. For every pair of natural numbers k, п, a complex number, Zo, [a |= 1, 
und every positive. number-e there evista polynome P(z) of degrëo ` > n and и positive 
number e' < в, such that jor |z | < 1, 


Р(в„) = 1: 
| Poa) | < e’ for aler m = 0,1, 2, ..., k, (PO(s) = P(z) (1) 
|P2(g)| < M(k) Jer»! for [=z < el, m O L 2 k, МОА) = 2% kad exp(n?/4). (2) 


Proof. For the function y(2) = exp(-lg'uz), а> 0, regular for Οία) >0, 
Іо иё = 16 |а2|+10, —7/2< 0 <n/2 it can be proved by induction: | 


yg) = eC Ka, mlg” t + Auo МОЕ +...+ αμ, o) (8) 
a? ME 
where Gu, y ure whole- numbers, duod completely | by WW, р. Gen mls - © 2 77 
We denote * І s | ; Pcr 
My = exp(2?/4).9*. inax A [oss] ` (4) 
| : 0<т</ ? р ο 
und choose _ 
t, «min (fe, 1, {М Sane Д : Ρ 
so small in | ЭЕ, P. 
eM J BEST -3$ 3+2% І p 
7 8543 lE Μι ора Letz vii [M4 1 Буе} 1м} > 0; εἰ T. (5) 
what is possible, for in 
1 le Jg Μα. ú 
; : iege “X gi rois .... 


the co efficient of x’ is positive, so that the mequality (5) ıs fuifilled by every sufficiently 
great x = V (—lg( V e2*75/ My)l, Le, by every sufficiently small ει. We lay down ` 

А а = spicis (6) 
then a > 1 and denoting 

e = ехр[{1+ (1/2k)}lg e,+ v Í—1g( V ett / Mg) ] 

we have E. : 
e = (ja) oxp{ vy (—Ig(e,/Miat))} > (1/4) ехр(я/2) (7) 
for 2 2 
вай = e, ezti = eH = уени < (M? οχρ(-- я" /2)) = My ὀχρί-- s|), 


e,/(M,a*) < expl- я°/4), —Ig{e,/(Mya*)}  s*/4. 
From (5), (6) it Ges 


το e (6199 2 ο 


ez I > exp {—Ig(e,/My,a*)}, £, 20 (8) 


ON ZEROS OF QUASI-ANALYTIC (B) FUNCTIONS 159 


From (B) it follows for y™(s) by go chosen a and Ile zs, > rm -- 


ΤΙ 


: : exp(=1 Eet? Ian "Пејаг|+ өр 


8|" 


ET Gef “S [σα |: (og [az ler] 


and denoting | [s el. =x>=, >e > 5 Gs according to.(7) and 8). We have 
_lgax> πῇ lg ax +z /2 < 2lg ax, 


and һәпое: 
I Е wm > seu ss --. S 
š - | yn) | <ехр(т2/4),5 läm ph. d gig gray E 2 pio (9). ` 


< at exp(— ѓа). KK | am >| 
for m=0,1,2,...,%. (Ig t)/t having & maximum for t e, “equat to D <1, we can 
put їп (9) 1 instead of (lg 4x)/(ax) ав ax > οχρίπ/2) 2 1 and it follows from (4): | 
| y" («) |< Ма®ехр( —1°ау) Ter |а| su m = 0,1,2;...,К. (10) 
lg*ux increasing for аҳ > 1, we have, ав ax > «о > oxp(7/2) > 1, .. Я 
noc 00 [ye [< Mel. өхр(—18а0) = Mul espidie, (Maat = е, ` КД 
for |z [2 e, > p, aeeording to (7), (10), for m = 0, 1, 2, s he η 


We evaluate y(z) in the circle |g-1-1/a|s 1, according to the formula of” 
Cauchy, y? (2) < m 1. Max.| y(s)|/r" where r denotes the radius of a circle with the centre 
z, lying in the domain of regularity and Max. is taken on the perimeter of the circle. For 
s > 0 we have E (# | < exp(z2/4) and in the circle considered we can take > = 1/2a. : 


|y (2) | < акы! SEN m", exp(m2/4), for т = 0 1,927... k. ” 





|у®( " < k 125 exp(s*/4).er "7I < | 28, oxp(s*/4)/57 "71, for m = 0, 1, 9, ..., k, . (19) 
The points of the circle | z—1—1/a| 35 1, for which | z—1/a|z- гү, are lying outside the 
circle | а < ε,, the more the points pre 1,a[2>>2e,. Denoting 2e, = #!, we obtain from 
(11) and (12): MB E LL 


| y (в) κει. for |z-1/a]z» 26, |χ-1-1/α] $1, н = 0,1,2, . ., 1 
|y) | < a ev) 1 3 exp(z*/4), for |z—1/a| <2e,, |z- 1/a -1] S 1, m — 0,1; 2; ..., k. 


The function y(z) ean be developed in a power series from the point 1+1/a, the 
radius of convergence being 1+1/a, the series convergiug uniformly in the circle 
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ο. #—1—1)а|ж21 with all the derivatives. y(s) is not a polynomial and therefore a poly- 
nomial Т (z) of.degree > n, (a segment of the power series) exists, such that 
m ` ly(@)—W,(a)|<e,/2, for |z—1-1;a] & 1 
νο) - WiP(z)| <s, for ]a-1-1/a| €, m-1,2,...,k. 
The polynomial W(s) = 1— W,(1/a)+ W. (в), fulfills, in value y(1/a) = 1, the conditions: 
|y (s) Ив) се, m-—0,12,..., F. 
[И 0 (а) | < 92, for |z—1/a|z Эв, [2—1-1/а| 1, m = 0, 1, 8, ..., Е. 
ГИ 00) | < e, + (1 Ге) 1 2* exp(z2/4) < 2(1/26,)"*!.k ! 98 ехр{л?/4).9"+1 
=< (1/2e,)"*7.299*? exp(s?/4).k| = Müller ` 


.dor|a—-1/a|«25, }2-1-1/0| 51, m=0,1,2,.,.,% and W(1/a)=1. Therefore 
the polynomial P(z) = W(—2/s,--1--1/a) fulfills all the conditions of the Lemma 1 
(e, < ε). 

Lemma 2. For every polynomial W(s),-poesessing in 29, 21... SEI the perimeter 


of the circle |# |= 1 geros of degrees k,>2,k,,ky..... ‚ k, and for every pair of 
numbers et 0) and N (natural), there exists a polynome W (z) of degree > N, роввеввиід 
geroes of degrees 5 Е, +1, ky, kas.. Ky D, Zos зу, 22 +. o νι 8uch that 


(rtl - We) | е, for |jJ<1, m=01,9,... bäi 


Proof. It W(a,) = Wa) =... = Who-D(g,) = Wol(z,) -- 0 and W() is of degree 
> N, it suffices to assume Walz (а). It Wela) = 0 and W(2) is of degree < N, 
then welay down Ἢ | 
ТУ, (а) = We) + αἴ 2) 0а)... (аа) Nk 
where ZŠ -. i M 
| 0« ο... П.е) f, . . .. оа) [1]. 
` zs e 


and ` | S- ΤΡ {3} = (2—2) temz n. (5--εγ)'». 


It is easy to verify that, 7, (2) fulfills the conditons of Lemma 2. . П Wo)(z) £ 0, then 
it is necessary and sufficient to construct a polynomial TV,(z) of degree greater than 
max (degree of W(z), N), which would have in 2, zero of degree k, and a given value of 
k,-th derivative = —Wo(z,) = D and m 4, 2,,..., 2, zeros of degreés ky, k, ,. ky 


such that |.JW?(s) <, for |z |S% 1, m=0,1,2, К„—9. I denote 
` | Wile) = Le — ago (e — 2.) εως (a7 89) Plz), Ple) #0, 


then τὰ | 
WEG) = (eame E ramant. (z = εν) Pied bk 
and it suffices that, E | Ze 


Ρίκο) = 2 2 


kde-£2)0...(y—m Dean (81) 
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Denotmg (2 ~ ғ (8-2, ye : (aren) = ΤΡ (ο), we lay dawn, Qo DEER 
dE йе” ДӘ), πο... ы: d$ 
ОМ. = mas |T „(2) |. ἴον 2<1, ie = 0, 1, 2... k,-1 | ‚ o (18) 
e, < тїп{1, sí (|a |. 2ο}, Se | E: e (10) 


"We choose a polynomal] pfs), fulfilling the E of Lemma 1, for k = = k, —1, 8 = ες, 
of degree higher than max (N, dégree of 17(2)) = N, and we lay down 


` ` Ple) = pledi- DL .. 
then the condition (18) is fulfilled and ` 


у: ҮЙ (ш) = S = 2 Wo (gjpt(g), "b Т We cai m Let (17) 


For We ~ 40] >: εἰ, z «zl, we obtain from (1%), a and ба (14), (15), | m value оГ] sale 2, 


f mz || M E ky mph ο А d 
- (а) |< πηρα, т Hi -D1 οσα ча gus 


< θλοεή d | из ai | „ 2°" δή d | М 
0 


(k —1)! - llm 0) (Eos 1) ! 
gio ie, | d | M 
(k 1)! 708,1 =н 


according to (16). For |г—#„|<]е!, ]α[--1 it follows from (17), (2), (14), (15); for 
m= 0,1, 2,...,4,~-1 Я : 


<e, A же for т=0;1,9,..„Ё—1 "DÉI 


(а) | < 





| Ө” (а) | <s d E i 2 а 7 m А ; 
ο, с, Sos entia) d -1) pm 
it Ё W (eil < cepe αρα]. [4 | M > f ; 


< e, 28e *2[d | M for m= 0, 1, 2, DO k —2, ᾿ (19) 


for εἰ < s, < 1, {e!owm—1 < ei, x 
exp(z* /4) < exp(1.58)? < exp(2.5) < 12.5 < 24, r 

From (16) we obtain ; _ 

Е IWE] < е, for m=0,1,2....,h,-2, [z-z,|« &', |а 1 


Wee, for т = 0, 1, 2,.... 72, la|=1 


according to (18) and (19). Hence the polynomial EE w (e) +W. (2) ‘fulfil, all “the 
eonüitions of Lemma 2. . SÉ Ж as . 
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Lemma 3. For every polynomial W(s) possessing in zy, Zir». 2, zeros of degree 
>k>2, where z;€E, i= 0,1,2,...,n, where E is a perfect set of points of the peri- 
meter of the circle |в | < 1 and for every natural N and е > 0, there exists a polynomial 


W (e) of degree > N, d ο in Zo, Bq’, Zis Sc... Su Sn! geros of orders > k+1, and 
besides gy € E for i= 0, 1, 2, . . n, ed say for і К, ed == zs, ` 
|8ύ--βε[«“6 . 
| Wwa) -Wg )|<= for Ја[<1, т = 0, 1, 2,..., 4-2: (20) 
Proof. We apply ‘the Lemma 2 to # #,..., an [e/{2(n+1)(k+2)} instead of e] 
and we obtain a polynomial W,(s), which has in z; 2,,..., ἄν zeros of degree ;>К+1, 
and guch that: : E 
E (м) (т) 22 Säi 
| We?(g) - W το for m 0,1,2,...,&—9, |г|< 1, 


We apply the same procedure to W,(s), ete., k--2 times and finally we obtain a poly- 
nomial W,,(s), which has in Ze, 2,, . . ., 8 Zeros of degree > 2k+2, and such that 


[Wi ey— Wa) (<e/2 for m=0,1,2,...,k-2, |»|<р 1. (21) 

We lay down ἐν 
W,.(#) = [(#—в„)(в—#,)(@—#„). 2 (8 — 2,)] *** T (а) 

W (s, ο) 8i, H " gell = [(#—в„)(#— s )(a — δι) —2,) DEEP (e — 2,)(a — 247) ]** TW (a) 
then Š 

is hm wi", Bol, 2, Bals o Zell = We) for mz0,1,2,..., k-2, [ef<l 


uniformly with respect to z. We surround the points Zo 21,..., z, with eireles with 
radii < e so small, that they are mutually disjoint and choosing 1g these circles ον Æ z, 
i=0,1,2,...,7, we have: 


wi", SA B il cecus 24) We) < е2 for m = 0,1,2,... k-2 |z[«1, (29 
) 


(we choose z,’ in the oitcie of centre ε): The set E e dense in itself we can “choose 
g/ €E. Ву εὐ so chosen we denote Welt W,(z, δι; εν, .. ; 2,/), from (22) ana (21) 
follows (20), and 07, (2) fulfills all the conditions of Lemmn 8, foi, according to Lemma Ὁ, 
the degree ‘of W (z) = degree of W,,/z) can be > N. { 

Lemma 4. For every sequence of positive numbera ded there. exists а sequence of 
positive numbers {εν} such that for every n, m> . - 


«Ὁ 7 - 
EnD En, mD > =s. E 


DAD їзїї 1} 


() 


Proof. We define the sequence £,” = min(e,, ει/2171) and, by means of induction, 
sequences e$? = min(eg "9, ‚ e" DICH, involving only positive numbers, These sequences 
possess the property εν) < 7!) <... e mes (1 < p <k), -D= eo, - We put 
αρ) = &(? ; this sequence fulfills the GE DER of the Lemma 4, fer Le: 
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σα К © DES eo ^ o ` g@m—1) 
, “еы Ὁ εώς S e 5 SUS mne. 
See ΓΤ ΠΤΙ asi) 29-7 


Proof of the Theorem (construction): Let E denote a perfect- set of points of the 
perimeter of the circle [2| < 1, and let {e,} be a sequence of positive numbers, sa < $ for 
every n (in the opposite case I take instead of e, the τηἰπί(εῃ, 3)). © We construct, according 
to Lemma 4, a sequence of numbers > 0, {en}, επ! < €n and we.choose a sequence of 
positive numbers {б}, n, 3 + со, and а sequence of polynomials Ρµ(α) in the following 
manner: we choose an arbitrary point z, € E and lay down: * 


` Р\(в) = (z — κο)”, n, = 2. I | (28) 


According to Lemma 8 there exists for the number ες! a point 2,/ = 2,, € E anda polynome 
Р.г), such that: : 

TC [< ει), (800 = 29), 
|P,(9) - PG) | «e! for [s|s 1. i 
and Р„(в) is of degree n, > 2 and has in gan, %, zeros of degree > 8. Suppose the poly- 
nomial Pie) of degree πχ is already defined, which has in the points 29, ,, „а, € E zeros 
of degree >k+1œ2, where αι = 0 or 1, and the sequence of indices passes all 
possible combinations of 0 and 1, 295,4,5, — a 0 = Omas p.a, (Le. We can in an arbitrary 
number add zeros to the sequence of indices), and зоа а... ш = #08183.. By If and only if, ` 
(after having added zeros to the shorter sequence), when p=r, αιΞβ:, &,= Ba... ἄρξβρ, 
| 05,2, ... αρ] #0аоз... 4,0 | Sais for p = 0, 1, 2,..., k—2. According to Lemma ὃ there 
exists a polynomial Py, (г) of degree "mp, > ть, by min(s,,,, 5,,,,) instead of e, and: 


| #0ааз..а,_10 7 #Qayaza.ay-1l| < E542 
PY, (2) =0 for m=0,1,2,.. ә k+1, dian Zeie, a? 


ЈР (а) –Рү(е) |<. fo [#|< 1, m=0,1,2,...,k-1. (24) 


k+1 


In that way all the polynomials Pi(s) are defined by induction. The sequence P,(2) con- 
verges uniformly in [z|<1 with all derivatives. We have, indeed: for every e > 0 
there exists Ν(ε) such that for k=>N, е, <e. Taking N, = max(n+1, N), we have 


from (24) | i И 


- © e D 
| PY(s)— PY) | ере Ter S de Sp, for bo m, (25) 


[2] < 1, ie.. in particular for k>N,, |Р (в)— Ра) | < z in [z |< 1, hence {Р@Ө(в)} 
fulfills in’ [е] 1 uniformly Cauchy’s condition, Denotmg f@)(g#) = lim РЮ(з) we 


i->% 
obtain from (25) with l — оо: 
I |Р@О(а)—]°®(в) lee, for kn, [a] 1. _ (26) 
The sequence 6’ being a decreasing one, we obtain s Sey S s, nl and the degree 
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of PQ"(z) being ть— т, it follows from | Diaite) — / (a) | < e for k > n, |2z|< 1, that" 
all the functions f(z), n =0,1,2,... are quasi-analytio (Ben) in |в|<01. In value of 
the uniform convergence, {‘*)(s) is the n-th derivative of f(s) in |е] < 1. From (28), (26) 
and from B. = e, < s, < d it follows, that 


ΚΓ 


| P,(0)—-f()|<4, | f(0)| > [2,2 |--4 =1-{ = A > 0, 


and therefore f(z) does not vanish identically. In every point вда. а, the derivative of 
the range k+1 or lower of the polynomial Рр, ,(2) vanishes, and so do the derivatives of 
the polynomial Βπει(β), 72k, according to the agreement concerning the adding of 
zeros ію the sequence αια,... op, Passing to the limit (n — co), we obtain 


9) = D for εξ Ze au I mE, 


but adding zeros to the sequence αια»... αι we can get free of the condition m < k- 1, 
The f(s) being continuous in | | < 1, the set of their zeros is closed ` denoting by E, E 
the fermeture of the set of points ғо... 4, for all finite sequences of O and 1 (--αι), 
k = 1, 2, 3,..., we obtain 


Цв) = Titel = 0 forovery 26Е,, т = 1,9, 8, . 


From the construction of ®0aaq. αἱ it follows, that this set is dense in itself, for Suen a, 18 
a point of condensation of the sequence Spent, al? Diere av: Zeus, а,001 ete., Whose 


distances from aay ..α. BIO 198Ρ. UE geg 5 μυ €i etc., and lim =/= 0. - It follows, 
' s—e : 
that Е, ів perfect, and, as not empty, of contmuum-power; hence f(s) fulfills the'eóndi- 


tions of the theorem. 
The sequence £ bemg arbitrary we can obtain functions approximated by 


polynomials with any degree of precision, e.g., such that | Ρµα) — f(z)| < nt, 
О<8<1 and nob only «M? (after M. Bernstein). On the second side, 
the set of functions quasi-analytic (Bes) in Z for all sequences {en}, e, — 0 is the set of 
all functions, that can be in Z uniformly approximated’ by polynomials, and therefore, if 
Z is the interval [0,1], is the sct of all continuous functions on this interval. It follows 
that in [0,1] we can, for certain sequences {eg}, get free of the condition: transfinite 
diameter of the set of вотов =`0, and even of the condition. the measure = 0. On the 
“contrary, when Z is the circle |s |<<1, we cannot, according to the theorem of MM. Riesz, 
obtain, for any sequence fes}, a function, the set of zeros of which would be of measure > 0, 
for f(z) is then analytic m |#|<1, bounded in [z|- 1. I ask, if we can, for certain 
sequences fen}, obtam a function quasi-analytic (Bep) in ја] < 1, the set of zeros of which 
has the tranafinite diameter > 0, and, if, for every sequence fen} and every set E of points 
of the segment [0,1] or the perimeter of | 2| < 1 of transfinite diameter 0 (in particular 
for & = Mè, 0 < š < 1), there етізів a function. quasi-analytic (Ben) in [0,1] or in 
[s[zz 1, not vanishing identically and such that f(z) = 0 (and ev. f(s) = 0) forevery 
z€ Е, ә E. 16 їв not impossible, that the set of zeros of such a function, especially for a 
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sequerice £n, that converges to 0 stronger than 6", must fulfill a condition stronger than the 


condition: transfinite diameter = 0. ε΄ 
Warszawa, 
PorAND. 
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GENERATION OF MESONS AND ITS DEPENDENCE 
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Abstract. Мевопв obtained at sea-level are produced within the atmosphere but doubts exist regarding 
the primary which produces these mesons and also the, process through which they are generated. Several 
hypothesis have been postulated of which the theory for the production of mesons by proton-nucleon collisions 
seems to be more reasonable. On this theory a proton by colliding with a nucleon will generate mesons as well 
as recoil nucleons and will also loose energy by ionization. In the present paper approximate expressions 
for the oross sections for different processes have been obtained both for a transterse as well as в pseudoscalar 
meson. These have later been used for the calculations of (1) the energy spectrum of nucleons at differant 
levels of the atmosphere, (1) energy spectrum of mesons (both transverse and psetdo-scalar separately) at 
different levels of the atmosphere produced by primray protons of different energies and (ii) the integral 
spectrum of mesons at the different levels for an assumed energy spectrum of primary protons inoident at the 
top of the atmosphere. The energy spectrum of nucleons obtained here differs considerably from similar 
results obtained by Peng and the ieasons for such differences have been explained. The energy spectrum 
of the mesons, whether transverse or pseudo-scalar, produced by a primary proton are nearly similar except 
for the fact that the number of mesons in different energy regions are larger by a factor 2-8, if the mesons are 
transveree than if they are pseudoscalar. But this fact cannot be used to ascertain the spin of aea level 
mesons unless the intensity as well as the energy spectrum of the primary protons are accurately known 
The energy spectrum, however, depends critically on the proper life time of the meson at reat and comparison 
of the results of the present paper with the observed results of Wilson show that + — 2.7 x 107° seo, ‘The 
observed knee of the latitude effect can however, be explained whether the mesons are transverse or 
pseudo-scalar. 

The theory of meson production by proton-nucieon collisions have been discussed by 
severa) authors (Hamilton, Deier and Peng, 1948). In view of the difficulties in solving 
the exact equations which, however, is based on the divergence free quantum theory of 
damping they have used the simplified procedure of Weizsacker-Wilhams. In deriving 
the cross-sections for the different processes, the nucleon-nucleon collisions have been 
divided into two groups. When a fast particle having an energy E collides with a 
particle at rest and thereby loses energy e (in the form of virtual quanta) of which the 
quantum or meson emitted takes up an energy e’ and the energy transterred to the 


particle at rest 18 єє". The two cases considered are 

G) Ее, and (п) Е ~ е, but e—e'«& M. (1) 
Hamilton, Heitler and Peng deduced the results of the case (ii) by extrapolating the 
results obtained in (i), Hertler (1945) has however shown that this is not possible, but 
that the results of case (ii) can be derived from that of (i) by applying a Lorentz 
transformation. It may be mentioned here that when т < M, where m and M are the 
masses of the fast particle and the particle at rest respectively; the contribution of the 
саве (п) only ів important (cf. bremsstrahlung). Itis however, clear that the restrictions 
imposed by (1) do not cover the whole range of values of e and ο’ with which wo are 
concerned, but we should get faily accurate expressions ior the cros--sections if we take 
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for (1()) e< Ej2. The inaccuracy involved in this assumption is however, inherent, 
in this method of treatment but we expect that it will not seriously affect. the results 
derived in this papor. Heitler has however, suggested that. we may expect errors of the 
order of magnitude of a factor 2 for the energy spectrum or total number of mesons. 

Let ¢(H, e)de be the cross-section for the production of a meson (φρε or ër, according 
as the meson is a pseudoscalar or transverse) having energy between e and e+de, by a 
fast nucleon of energy Ë. The cross-sections have been calculated by Heitler (1945). 
There is no conclusive evidence either way as to whether the masses of the two kinds of 
mesons are equal or not but following Heitler we as-ume that (Mey are equal and alzo 
equal to 1/10 of the proton mass. It may, however, be mentioned that in order to 
explain the observed quadrupole moment of the Deuteron, it is necessary to assume 
different masses for the different types of meson (cf. also the effect on burst production 
as pointed out by us (Chakrabarty ἃ Majumdar, 1944)) but we shal! not take this into 
account here and adopt the expressions for the cross sections derived by Heitler (1945). 
Using the natural meson units for which c = Ë = y = 1, cross-sections are in units of 
(&| uc)? = 4.8 x 107?* and energies are expressed in units of ис? = 0'94 x 109.e.v., we have 


su. ἡ = [аеро 3 (1- &)н(«- nen 
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: 16 f 1 
φ.{Β, ὁ) - EE 
per Ae Е T-M 
" D, = Ёз Zum le 1) Hie DHE M ο] 
= фьув + фин . ( (2b) 


where Hie) is the Heavisides function and is defined by the relation 
. © 
Hiz) = f See — 1 if 930 
f Е =0 if «<0 
— Di 165, D,+ D, = 900, D,+2Dp = 280, D’ = 50, f = 0:18. (8) 
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The above expressions are however, restricted to be valid in the region for which E D> M; 
but they can also be used even if E is not much larger than M, provided E represents the 
total energy and not the kinetic energy, Let (E, E"dE', be the cross-section for the 
production of a recoil nucleon of energy between E! and E! +dE!, by а nucleon of energy 
E (Е' is the K.E. of the recoil nucleon). Since recoil nucleons are produced only 
through the process I, we have -. | 
| : "E Ss : is 
РИСУ МЕ, Е) = Í Фа, -Endt (4) 
{ . Β’ΕΙ А 
iis die, e)de is the differential eross sections for the production of а pseudoscalar or 
transverse meson of energy dd by a vertual meson e, and have been given by Heitler. 
Taking into consideration the tact that recoil nucleons are also produced together with 
the production of neutral mesons, we have after simplifications 





: ` 4р. 1 M 

Е—Е'—}М)у| = (D 
GK 
_ 12 4 Е ‘ 1 ο 
-EG-£i D) амур, + D) -2/90 2, 2, 5; +О( ры) Έιρ] οὐ 
If however, 4E < E'--3M ; 8M [2 < Hi'+4M, then the contribution to V(E, E) comes 
through the N. R. formula alone and in that case 


< 


с у MB, E) es MP Dy) (1- zm) to (а) (bb) 
Let x(E, E!)dE! be the cross section for the fast nucleon of energy Е to lose and energy 
between E! and E!--dE' through the production of reeoil nucleons and mesons. ‘The 
last nucleon loses energy through both the processes. Hence denoting the contributions 
to x(E, E! through the iwo processes by x! and yx”, respectively and taking into 
account the effect of neutral mesons we have 


x (B, t) = Š J @(e, e)dt Е 
2 J ez 


[puri D.) 3, ( = Lin ga Go} {вм Di+ Dp) $ ( “ay 
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and 
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Е E-e 2E : — - 
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It mag be pointed out that the lower. limit for the E. R. formula has been taken, 
following Heitler, as M/2 but this is not strictly correct. It ів evident that .  : ν 


И Tag, e)de = ës loss = Ед loss + Ee joss 
where І 


s + oun 


= 85.88 log (E/M)+7.02-5.46 . (ту 


ο... T -3E Т (Die 2D,) + $M /*(De+ Dp) (r- 


and 


noc 48/2 {( ‚ S s - nen) 
Basa e B [557 M E Н мере ap м? ЗМ°р 


TE Mj а NE Bi oe ΝΑ Q 
pr S „(М g "Lon e ер ο) mE 
+ BE P (D,+2D,) ( — a = ESO 

-= 2478E — 2890-1148. (7b) 


Heitler (1945) has DES similar expressions without the last terms in (7a) and (7b) 
which are the contributions of the N. R. terms. It is evident that the energy loss due іо 
process I corresponds to-the ionization loss in the cascade showers of soft particles and 
that due to process II corresponds to radiation loss. In the following we shall treat the 
two parts of x(E, є) separately and take x(E, E!) = SUR, Е!) and treat χΙ(Β, En ави 
constant energy loss and combine it with the ionization loss. fa 

Let us choose the unit of length in such a way that the опре of nucleons 
contained in a cylinder of the material of unit length and of unit cross section (i.e., (15 μο)3) 
is unity. We measure the lengths in this unit by £, so that, if] em, corresponds to a 
unit length in the unit defined above we have, 


Lx (juc NA = 1, 


where N is the number of atoms or molecules per o.c. and A the atomic or molecular 
weight of the material so that NA 18 the number of nucleons per с.с. of the material. 
` So that the values of 1 for different materials are given by | 








lin cms. 









This is practically the length through which a fast particle has to travel in order to 
Јове an energy (nearly) equal to 103 e.v. The unit of length chosen by Heitler is that 
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length through which a fast particle has to travel in order to lose an energy equal іо uc? 
by ionization. The unit of length chosen in this paper are the same as that taken by 
Heitler particularly for air with which we are interested, In.air, however, this unit 
coincides with the radiation unit defined earlier (Bhabha & Chakrabarty. 1948) for the 
cascade shower of soft particles, 


Consider a layer of substance on the surface of which primary protons with.an 
energy distribution F(E,)dE, impinge normally. We wish to find out thé energy 
distribution of the mesons and the nucleons at any depth below the surface of the layer. 
The mesons together with recoil nuoleons are produced by the fast nucleons and they are 
absorbed through ionization and S-deoay. Tet P(E, t)dE be the total number of nucleons 
ab depth ? and having energies between E and Е + dE and M(H, t) the total number of 
mesons having energies between E and E--dE, Considering the production and 
absorption through the different processes discussed above it is evident that PUR, t) and 
M(E, t) must satisfy the following equations : 


P(E. b _ PE, d a (" | ' E — EW 
< В | PUR, t).x(H!, E'— EdE 


- : "P 
E f P(E', DAME, ENAR + f P(E!, i) (Bl, ELE! (Qa) 
E 


0 
-OM(E, b) _ вив.) _ (7 1 Ὁ φίΒ’ D | 
SE Yom τ σι ΜΒ, ἢ (90) 


where β, γ are the rates of ionization loss of the nucleons and mesons, (8 including x!) 
and b depends on the proper life time of the meson at rest and for the atmosphere, 
b = E 95 if r=27x 10 sec, 

where t, is the value of i corresponding to séa level measured from the top of the 
atmosphere. “This value of т has been taken from a measured ratio of τ/μ made by Rossi 
and Hall (1941) and taking р = 184m. The yalue of b thus determiued 1з however, 
not very accurate and may have an error to the extent of 20%. We shall have to find ` 
the solution οἱ the*above equations subject to the proper boundary condition, viz., at t = 0 


M(E,1) 2 0 and P(B, ἢ = S(B,— E), 


if the primary is n proton of energy Ey. 


Following the methods applied in the case of vascade showers of soft particles and 
applying Mellin's transformation, where I 


sis ἢ = ветров, pan 
0 
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we have after some simplifications from (98) and neglecting small quantities of higher 
order, 


Πρίν + Aple, 1) Byp(s- 1, Ὁ = 0 (10) 


where 
1 1 1 1 
4 (573) эл) 


= 06(8-—~1)— σσ) ету 2) 
Ries (5 =ч) 8х 2 \в8—2 8 TOLL 


2 
e of (D, 2D) κ» 1485, b, = Mf(Di Dy) (r- 2.) κ. 10706 





В == n (D, 2D,) log Ἢ И +17 = 86 log 5 +17 = 86 log 168 50 (10a) 


Evean be easily ‘shown that an obvious solution of (10) is given by 


p(s, ἢ = uf ας. 25 É Я | Дене] an 
and ulso as in the case of eleison cascade | 
σενα 
P(B, b= Poll je ais. SE “(esate mea) exp (— ee (12) 
ihre B 
dk am Е erp ( -ITA 4p (13) 


Peng (1944) obtained an expression for P(E, t) without taking into consideration the large 
energy loss arising ‘through the process (ii) and as such the multiplication in his cascade 
prooóss was very much over-emphasised, - It may. be pointed out here that since the cross 
section for the production of recoil nucleon is of the order of 1/E?, where as that for tha 
energy loss be process (ii) 18 of the order of 1/E; the multiplication of the nucleons-is 
very small ав compared to the absorption. Moreover the energy loss through process 
(i) reduced to а certain extent the effect of multiplication through the production of 
recoil riucleons since the cross sections for the two processes depend in a similar way 
on the energy of nucleon. : 


If now N(E, t) be the total number of nucleons at depth ¢ and having energies equal 
to or greater than E, produced by a primary nucleon Οἱ energy E,, then 


i Tris 1 -1 
ΝΒ, y= f T" ES ү, 1 — Aide, (14 
ai B pee ant J. 77 5) ус Р! ы aA 





The above integral has been evaluated by the saddle point method for some values oft 
and E, and the values thus obtained are given in Table I. 
4—1642 P—4 
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TABLE 1 


25 = ΄ 


Values of Ν(Ε, t), for E = 10 










6 δ 10 12 15 
0.93 1.07 143 1.15 1.17 
1.0: 0.25 0 81 1.02: 1.07 140 
(0.46) (0 78) (0 04) (0.99) (1 00) 
0.40 ` 0.74 0.96 





It shows «s expected that thero is practically no multiplication. ‘The results 
obtamed by Peng differ widely from those obtained above. For small value ol £ say 
ixl, they are larger by a factor 8 but for large thickness the values obtained by Peng 
18 sometimes more than 100 times larger. The reasons for such a difference is the total 
neglect of the energy loss which comes through process (ii) which gives A,in (14). If 
however, we put A, = 0 m (14) we get vaiues similar to that obtained by Peng. On the 
contrary if we neglect g(s, t) which means that we ignore the producfion of the recoil 
nucleon as well as the energy loss produced through Se I we get 





94:90 
P). E sj. E JE exp (— A4)ds, 


МВ, ἢ = 1 del E [By 1. ; exp C7 44d. (16) 


t he values of (10, t) for t = 1, ee from (15) have aleo been ineluded in paranthesis 
in Table 1. It shows that (15) is a good approximation for (14) and the second order 
effects can be ignored without introducing appreciable error in the final result. Heltler 
has, however, made a similar approximation in deriving the meson spectrum. 
If however we assume that the primary spectrum of the nucleons, i.e., F(E,) at 
t = 0 is given by . 
š F(E.) = A[E,**! . " Q6) 
then the total number ot nucleons at any depth t due to this incident primary and having 
energies between E and Е + Е is given by . 





A (^*^ 1 exp (—Agt) exp( — Αι οἱ) 
(i = —————— Ж ο ομως ϐ 
Pie, ἢ [ PŒ, OR, = d pu Rd — (17) 


Assuming, «= 1'5, we get A,,, = 8°75, во that 


g—8 Tt 


P(E, t) = A. md 
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Heitler and Walsh (1945) have obtained from a consideration of the range-energy relation 
(α΄ „ eq. 18) - : РА 

6+6 
Е +I 


ΕΒ, ἢ =.A 





It has been pointed out by Hamilton, Heitler and Peng (1948) that the meson produetion 
ceases when the energy οἱ the nucleon is equal to 2M. Such protons will however 
penetrate a considerable depth further nearly half the Kee ee if the energy loss ig 
purely by ionization loss and will be counted аз ‘‘ penetrating particles,” We сап 
therefore assume that for all values of E > 2M, P(E, t) is given by (12) or (15) but for 
М< Е < 2М we сап take the number of protous as given by P'(E, t) where 


P*(E, t) = H(2M—E)P(2M, t) (18) 


and 2M — E = B'(L—t/) and B' is the ionization loss which in the units of the present paper 

is practically unity. ` 
Let us now calculate the number of mesons M (B, t) ab any depth, which satisfies 
equation (0b). An obvious solution is 
E b 


m y" Gan 
M(E, t) = Gr με... y le --ρ) di - 129) 
where | š 
S(E, ty = Гв, te(E^, EVEN (20) 
[o 


and 9(H, E!) is defined by (2). It is clear from the expression derived for P(E, 1) that only 
very small values of t contribute to S(E, 1) and consequently for not too small values of 
E+yt wó oan neglect γί! in corhparison with E +yt without introducing any appreciable 
error. We then have, 


- pbm ft Ыт 
M(E, D ~ (2) f Sly, t Y?) du ; (21) 
2 SE? yt 0 m | 
where η = El. | 
Taking the values of P(E, D given by (15) we get after simplifications, 
| f 1 bn Ypa ` t . bjn 
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where | 
X(s, n) = η" E Ε12Φ(Β1, addi 
: > 


and Tv(1+?) is the incomplete gamma function, 
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‚ + x(3, n) can now be easily evaluated from (28)-by substituting the- value of (E, η) 


given by (2). So that we get two different expressions for x(s, η), depending on whether 
the meson 18 transverse or pseudoscalar, We then have, for transverse mesons 


xo) = [е DAE ү) (т ο σας Ὁ) 
dii pl: lz: ek C el 
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and for pseudoscalar mesons. 
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where k= CH = тнт and B, is the regomplets B-funotion defined оу 


Bien 5/2) = Ten aynaz, 
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The contribution of the different terms in the expression for the cross-sections is evident 
in equation (24). It appears that the values of vis, η) for the different , values of s and η is 
larger by в factor varying between 2 and 3 in the case of transverse mesons as compared 
to the corresponding values for pseudoscalar mesons. This fact has its effect in the values 
of M(H, t) which consequently for same E and t is larger in the case of transverse mesons 
than in the case of pseudoscalar mesons. In order to examine the energy spectrum of the 
mesons at different depths and produced by primaries of different energies we have evalu- 
ated the integral in (22) by the saddle point method Тһе. values thus obtained for the 
саве of transverse mesons are given in Table II. The results for fhe case of pseudoscalar 
mesons will be similar except for the fact that the intensity will be less roughly by a factor 
2.5 and can be easily obtained. 


Following Heitler 1f we assume that the primary spectrum of the protons incident on 
the top of the atmosphere is given by (16) then we can find in that case the total number 
of mesons at any depth t and having energies lying between E and E + Е given by M(B, t) 
say, where, 
| M(B, t) = f F(E, M(E, dias) 

Es. 
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TABLE II 


Values of M(E, t) x 10° for transverse mesons 


























Е, MN E 6 10 16 90 90 40 το 
g ^x 
M , 
f i v 
102 | 5 | 4.6 7.5 68 6.0 4.7 87 3.0 
1 
| 15 | 2.3 4.8 44 8.8 29 9.4 2.0 
| 98 | 1.6 8.0 2.8 2.8 L9 10 0.8 
109 | 5 i 15 ου 19 17 15 11 9.8 
! -- Aere 
10 ; ὄ 90 35 31 ° . 91 17 14 
i 


| 15 - il 16 16 14 18 11 10 





where E, is the cut-off energy at the latitude of observation 0 (say). We then have, 


iH, t) = 4} 3x ΤΠ +b) i We y xa. Is, hn) a, (26a) 


Serge, Al ATI FI 
or 
Е, 9 = A(EY "pass pi Xe bo pap iit; bis) 20b) 
= B np. ат лин asat; bin ( 


according ав FE, > or «y vids I(r, p), is connected with the gamma function and is 
defined by the relation 
Ца, р)Г(1+ p) = Г.(1+ p). 


‘I have derived the values of `E, t) as given in (26b) for different values of 1 and for 
both the types of mesons and the results are given in table III, 


It shows that though the maximum of the energy distribution lies in the πο αμα 
of 10 in both the cases, the intensity at the maximum is larger by a factor lying between 2-8 
in the case of transverse mesons. It also shows that although M(E, t) is zero at t= 0, it 
eontinuously inereases even up to t = 2, 88 we go up in the atmosphere which shows that 
the maximim of altitude-intensity curve for the total number of mesons lies at t «22, and 
that most of mesons are produced within a very thin layer at the top of the atmosphere. 
The values of M(E, t) depends critically on the value of b and t> examme its variation with 
b we have also calculated the values of M(E, t) for different values of b, vis., 7.6 and 95.0. 
The results of observations (Wilson, 1946) show that at sea level the meson spectrum has 
maximum near about 8.0, which when compared with Ње rcsults obtained here shows that 
b must be of the order of 9.0 and cannot be much higher and and consequently 
T 22 2.7 x 107* вес. š 


To examine the latitude effect I have evaluated the values of M (Б, t) ав given by 
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TanrE ITI 
г Values of M(E, t) x 10?/ Af* for transverse inésons 
E 
| 5 10 15 20 30 40 50 60 
5 18 16 · 11 n 11 4.8 3.2 9.4 
15 . 4.8 θα 58 c ΑΠ 85 2.8 21 18 


23 2.9 3.9 36 32 ER 1.9 1.7 1.5 





Values of ΧΕ, t) x 10%: 4/2 ог pseudoscalar mesons 


|. 5 Ww 15 90 39 ο .. 50 80 

















b 58 8.6 8.7 4.5 2.8 1.8 18 0.9 
16 о.о 2.7 9.9 1.9 1.4 1.0 0.7 0.6 
og 10 1.7 14 1.2 0.9 0.7 0.6 0.5 





(26a) for some values of E, which shows that the (sea-level) meson intensity increases as 
we proceed from equator to higher latitudes till about the latitude for which E, ze 28, 
after which it is constant and thus explains the observed “knee” of the latitude effect.. 
The results obtaind in the present paper show that the observational results relating 
to the meson energy spectrum and the latitude effect can be explained by both types ol. 
mesons. The altitude-mtensity curve, however, will be different in magnitude though not 
appreciably in shape but this cannot be used unless the total number of protons incident 
. at tha top of the atmosphere as well as their energy spectrum ів known very accurately. 
We are therefore not in а position, with the help of these measurements to decide whether 
the sea-level mesons are pseudoscalar or transverse. Ae 


CoLaBa OBSERVATORY, 
Bownay. 


References e 


Bhabha and Chakrabarty, (1913), Proc Roy, Soc, (A), 181, 267. 
Chakrabarty and Majomdai, (1u41), Phys. Rev, 68, 206, 
Hanilion, Heitle: and Peng, 1913), Phys. Rer. , 64, 15 
Heitler and Walsh, (19451, Rer. Mod Phys , 7, 252 
Heatler, (1946), Proc. Roy. Irish. Acad., 80, 155. 
. Heitler and Peng, (1948), Proc. Roy. Irish. Acad., 49, 101. 
Peng, (1044), Proc. Hoy. Irish. Acad., 49, 945. . πα 
Rossi and Hall, (1941), Phys. Rev., 89, 928. , 
Wilson, (1046), Nature, 158, 414 


